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The s t a b l e  hybr id  computer 

chemical'  r e a c t o r  represented  by 

ABSTRACT 

s o l u t i o n  of a time-dependent t u b u l a r  

a system of pa rabo l i c  o r  e l l i p t i c -  

pa rabo l i c  p a r t i a l  d i f f e r e n t i a l  equat ions is s tud ied .  In the classical 

approach t o  the serial hybrid s o l u t i o n  of the one-dimensional d i f f u s i o n  

equat ion  us ing  the continuous-space-discrete-time (CSDT) technique,  

there exists an undes i rab ly  l a r g e  amount of p o s i t i v e  analog loop feed- 

back. 

s tudy  of h igher  f requency transient behavior.  

This makes the classical hybrid method h igh ly  uns t ab le  i n  t h e  

The serial decomposition method used i n  this s tudy r e p l a c e s  t h e  

linear second order  d i f f e r e n t i a l  ope ra to r  by two s t a b l e  f i r s t  o rde r  

ope ra to r s  i n t e g r a t i n g  i n  oppos i t e  d i r e c t i o n s  and y i e l d s  one-pass 

s o l u t i o n s  i n s t e a d  of the usua l  iterative s o l u t i o n s .  Thus, cons iderable  

computation economy can be expected. 

Appl ica t ion  of the serial decomposition method t o  the two-space 

dimension problem is a l s o  poss ib l e .  

t u b u l a r  r e a c t o r  dynamics i n  two space  dimensions using t h e  continuous- 

space-discrete-space-discrete- t ime (CSDSDT) approach n o t  only suppor t  t h e  

f i n d i n g s  of the previous d i g i t a l  computer s t eady- s t a t e  s imula t ion  of a 

homogeneous t u r b u l e n t  f low gas phase S O C l z  decomposition problem, b u t  

a l s o  g i v e  i n s i g h t  t o  the t r a n s i e n t  behavior which i s  n o t  so easy t o  

o b t a i n  otherwise.  

The r e s u l t s  of the a n a l y s i s  of 

J@nami.c s t u d i e s  of chemical processes  appears  promising w i t h  the 

hybr id  decomposition method. 

process  s e n s i t i v i t y  and s t a b i l i t y  a n a l y s i s .  

Spec ia l  interest may b e  in the area of 



vi 

The d i f f i c u l t i e s  and major e r r o r s  involved i n  hybr id  computation 

of p a r t i a l  d i f f e r e n t i a l  equa t ions  are a l s o  discussed.  
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CHAPTER 1 

INTRODUCTION 

The s o l u t i o n  of p a r t i a l  d i f f e r e n t i a l  equat ions is  a problem which 

is  encountered throughout t h e  spectrum of engineer ing  p r a c t i c e .  It is  

still  one of t h e  major time consumers on l a rge - sca l e  s c i e n t i f i c  d i g i t a l  

computer opera t ions .  

Consider the chemical r e a c t i o n  scheme, 

t ak ing  p l a c e  i n  a chemical r e a c t o r .  The a p p l i c a t i o n  of t h e  l a w s  of con- 

s e r v a t i o n  of momentum, thermal energy, and mass l eads  t o  a system of 

d i f f e r e n t i a l  equat ions which accomplishes a complete mathematical descr ip-  

t i o n  of t h e  r e a c t i n g  system. When c e r t a i n  assumptions are made, i t  i s  

p o s s i b l e  t o  c l a s s i f y  many chemical r e a c t o r s  by not ing  t h a t  the mathemati- 

cal model desc r ib ing  t h e i r  behavior  r equ i r e s  only a s i n g l e  independent 

v a r i a b l e .  They are c a l l e d  t h e  lumped-parameter systems. The s i n g l e  

independent v a r i a b l e  may b e  the t i m e  of ope ra t ion  or  the d i s t a n c e  along 

t h e  r e a c t o r  l eng th .  For example, i n  an i so thermal  tubu la r  r e a c t o r . w i t h  

a s p e c i f i e d  amount of ax ia l  mixing, a material ba lance  on component A a t  

s t eady- s t a t e  l eads  t o  the equat ion 

n aCA R - C A  0 
1 d2 CA 

‘e dx 
- - - - -  

2 dx 

with t h e  necessary boundary condi t ions  



2 

, x = o  0 1 dCA 
CA 

= c A - -  - 
Pe dx 

- -  - 9, x = l  dCA 
dx 

(1.3a) 

(1.3b) 

where 

CA = concent ra t ion  of r e a c t a n t  A 

n = r e a c t i o n  order  

‘e 

R = r e a c t i o n  ra te  group 

x = axial coord ina te  measured from r e a c t o r  i n l e t  

= a x i a l  P e c l e t  number (Lu/D) 

A cons tan t  composition of A is  fed  t o  t h e  r e a c t o r .  The Peclet number 

c h a r a c t e r i z e s  t h e  amount of a x i a l  mixing i n  terms of t h e  e f f e c t i v e  a x i a l  

d i f f u s i v i t y  D. I n  the asymtot ic  l i m i t  as D approaches i n f i n i t y ,  

Pe + 0,  

is obtained.  On t h e  o t h e r  hand, i f  D approaches zero,  Pe + m, t h e  

a x i a l  mixing d isappears  and a plug f l o w  r e a c t o r  (o r  a lumped cons t an t  

r e a c t o r  (1))  i s  obtained (7). 

t h e  axial mixing becomes s o  l a r g e  t h a t  a p e r f e c t l y  mixed r e a c t o r  

$ 

If t h e  system were a d i a b a t i c ,  a h e a t  ba lance  equat ion  would be  a l s o  

r equ i r ed ,  

n + %CA = 0 1 d2T dT 
dx ‘e dx2 

-- - - 

and the boundary condi t ions  may b e  

x = o  1 .dT z T--- 
TO Pe dx ’ (1.5a) 
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dT 
dx - = .o ,  x = l  

where the mechanism f o r  heat and mass d i f f u s i o n  have been assumed t o  b e  

the s a m e ,  and % r ep resen t s  the heat gene ra t ion  term. Based on these 

equat ions Amundson and Luss (1) have presented  a d e t a i l e d  d i g i t a l  a n a l y s i s  

of the a d i a b a t i c  t ubu la r  r eac to r .  

g i c a l  r e s u l t s  from t h e  behavior of t h e  genera l  lumped cons t an t  r eac to r .  

That is ,  t h e r e  i s  always a unique s t a b l e  s o l u t i o n  which may b e  obtained 

by a marching technique s t a r t i n g  a t  t h e  r e a c t o r  i n l e t .  However, when 

axial d i s p e r s i o n  is  allowed, coupled wi th  an exothermic r e a c t i o n ,  t h e  

s i t u a t i o n  becomes much more complicated. Since t h e  equat ions are second 

o rde r ,  t h e  i n t e g r a t i o n  cannot be  s t a r t e d  u n t i l  t h e  i n i t i a l  va lues  of t h e  

dependent v a r i a b l e s  and i t s  f i r s t  d e r i v a t i v e s  are s p e c i f i e d  a t  t h e  same 

s t a r t i n g  po in t .  

does no t  produce u s e f u l  r e s u l t s  s i n c e  t h e  equat ion  i s  very s t i f f  w i th  

t h e  r e s u l t  t h a t  t h e  s o l u t i o n s  tend t o  d iverge  t o  p lus  and minus i n f i n i t y  

They have found no unusual o r  patholo- 

I n  gene ra l ,  f o r  t h i s  case t h e  forward marching technique 

f o r  very  small values  of x. 

backward marching technique assuming va lues  of dependent v a r i a b l e s  a t  

x = I, 

d i f f i c u l t i e s  have been encountered, p a r t i c u l a r l y ,  when t h e  o u t l e t  

temperature  T(1) i s  near the a d i a b a t i c  equi l ibr ium temperature,  and 

u s u a l l y  the computations must b e  c a r r i e d  ou t  i n  double p rec i s ion .  

Extensive computations have shown that the s o l u t i o n  may not  b e  unique. 

In f a c t ,  they have shown that there are m u l t i p l e  ( th ree )  s teady  states 

e x i s t i n g  f o r  any f i n i t e  r e a c t o r  (i.e., 

The problem may, however, b e  solved by 

s i n c e  their f i r s t  d e r i v a t i v e s  are always zero.  Even then some 

Pe is  f i n i t e ) ,  and t h a t  t h e  
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s o l u t i o n  f o r  t h e  semi - in f in i t e  r e a c t o r  i s  always unique and-may serve 

as a bounding s o l u t i o n  f o r  a l l  f i n i t e  r e a c t o r s  w i t h  t h e  same parameters. 

In summary the problem of t h e  chemical r e a c t o r  c l a s s i f i e d  as lumped- 

parameter system i s  one of ord inary  i n t e g r a t i o n  p lus  some i terative 

process  f o r  n o n l i n e a r i t i e s .  

f e a s i b l e  except f o r  t h e  special  cases involving very complex chemical 

r eac t ions ;  i n  such cases  t h e  analog hardware requirements o r  the d i g i t a l  

computational t i m e  may become excess ive ly  l a r g e .  However the b a s i c  

problems are adequately def ined ,  and there seems l i t t l e  f u r t h e r  that can 

b e  done which w i l l  prove a s i g n i f i c a n t  con t r ibu t ion .  

Analog and/or d i g i t a l  s imula t ion  i s  completely 

I f  t h e  dependent v a r i a b l e s  of concent ra t ion  and temperature are 

func t ions  of a t  least  two independent v a r i a b l e s  the  chemical r e a c t o r s  

are c l a s s i f i e d  as d is t r ibu ted-parameter  systems. These may inc lude  t h e  

va r ious  space dimensions and t i m e .  To i l l u s t r a t e ,  cons ider  t h e  previous 

r e a c t i o n  scheme i n  a tubu la r  r e a c t o r .  

ope ra t ion  and a x i a l  symmetry, t he  material ba lance  equat ion f o r  component 

A 

When one assumes s teady  s ta te  

and t h e  corresponding h e a t  balance become r e s p e c t i v e l y ,  

aT RAH = 0 (1.7) a2T +. Kr[$ + - 1 -1 aT - GCp ax - 
r ar ar Kx 2 ax 

where 

D = e f f e c t i v e  a x i a l  d i f f u s i v i t y  

D = e f f e c t i v e  r a d i a l  d i f f u s i v i t y  

Kx = e f f e c t i v e  axial conduct iv i ty  

X 

r 
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K,.= e f f e c t i v e  r a d i a l  conduct iv i ty  

AH = heat of r e a c t i o n  

Appropriate  i n i t i a l  and boundary condi t ions  may be  l i s t e d  as 

T(x,r,O) = G(x,r) 

a C A W  ,r , t 1 
= f ( r , t )  1 

CA(o,r,t) - -  ax 
X 

'e 

aT(o,r,t) = F( r , t )  
ax T(O,r, t)  - - 

'e ' 
X 

'T(xpR,t) = H[T(x,R,t) .- Tw(x,t)] ar 

(1.8b) 

(1.84 

(1.8d) 

(1.8e) 

(1.8h) 

where 

g,G = i n i t i a l  condi t ion  f u n c t i o n a l i t y  

f , F  = in le t  cond i t ion  f u n c t i o n a l i t y  

Pe ,Pel 
x x  

= a x i a l  Peclet numbers for mass and h e a t  r e spec t ive ly  

L = l eng th  of r e a c t o r  

R = r ad ius  of  r e a c t o r  

Tw = w a l l  temperature  

H = h e a t  t r a n s f e r  f u n c t i o n a l i t y  a t  tube wall 



These mathematical  r ep resen ta t ions  c o n s i s t  of a set of nonl inear  p a r t i a l  , 

d i f f e r e n t i a l  equat ions ,  coupled through the r e a c t i o n  and h e a t  genera t ion  

terms, are of the s p l i t  boundary va lue  t y p e  along t h e  space domains. 

Simulat ion of t h i s  type  of dis t r ibuted-parameter  r e a c t o r  can b e  performed 

on a d i g i t a l  computer (141, bu t  a cons iderable  amount of computation time 

and e f f o r t  is requi red  b e f o r e  any r e s u l t s  can b e  obtained.  

approach f o r  d i g i t a l  s imula t ion  would b e  t o  use  an e x p l i c i t  o r  i m p l i c i t  

d i f f e r e n c e  technique t o  r ep lace  a l l  the p a r t i a l  d e r i v a t i v e s  and s o l v e  

the r e s u l t a n t  non-l inear  simultaneous a l g e b r a i c  equat ions.  

A poss ib l e  

Problems of 

s t a b i l i t y  and convergence of t h e s e  equat ions are normally involved,  t h e  

choices  of t h e  va lue  of t h e  s p a t i a l  increment r a t i o s ,  and t h e  abso lu te  

magnitude of one of t h e  increments determine how s a t i s f a c t o r i l y  t h e  

s o l u t i o n  t o  t h e  d i f f e r e n c e  equat ion w i l l  agree  wi th  t h e  s o l u t i o n  t o  t h e  

o r i g i n a l  p a r t i a l  d i f f e r e n t i a l  equat ions.  There are two kinds of  e r r o r s  

u s u a l l y  and seve re ly  r e s t r i c t i n g  t h e  freedom which one has  i n  choosing 

.- t h e s e  parameters.  The f i r s t ,  and more obvious,  i s  known as t h e  t runca t ion  

e r r o r  when t h e  p a r t i a l  d e r i v a t i v e s  are rep laced  by t h e  f i n i t e  d i f f e r e n c e s .  

The second e r r o r  i s  known as t h e  round-off e r r o r  which i s  inhe ren t  i n  

t h e  numerical  work, t h a t  numbers must be c a r r i e d  wi th  a f i n i t e  number of 

d i g i t s  and the rest is  always rounded of f  t o  t h e  n e a r e s t  d i g i t .  

the problem of ob ta in ing  proper  t r a n s p o r t  p r o p e r t i e s  f o r  a r e a c t i n g  system 

u s u a l l y  e x i s t s ,  s i n c e  very l i t t l e ,  i f  any, d a t a  are a v a i l a b l e  f o r  r e a c t i n g  

systems . 

Besides,  

Analog s imula t ion  of this type  of problem, al though poss ib l e ,  is  

extremely d i f f i c u l t  due t o  the l imi t ed  dynamic range and amount of hardware 



requi red .  

excessive , 
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In a d d i t i o n ,  t h e  analog equipment requi red  mig$t become 

s i n c e  the number of i n t e g r a t o r s  requi red  would correspond 
- 

t o  the number of p o i n t s  used in the d i s c r e t i z e d  space domain'. 

then the assumption of s t eady  state ope ra t ion  is removed, accumu- 

l a t i o n  terms must b e  added t o  t h e  r i g h t  s i d e s  of the previous ly  descr ibed  

s t eady  s ta te  express ions .  

equat ions  are of e l l i p t i c - p a r a b o l i c  type,  and the chemical r e a c t o r  

dynamics now become i n i t i a l  va lue  problems i n  the time domain and s p l i t  

boundary va lue  problems i n  the space  domains. To d a t e  no work has  been 

repor ted  on this  problem. 

assumptions i t  has been p r a c t i c a l l y  imposs ib le  t o  s o l v e  these equat ions  

numerical ly .  With three independent v a r i a b l e s  involved,  analog simula- 

t i o n  is  no t  f e a s i b l e ;  a l s o ,  t h e  t i m e  and s t o r a g e  requirements f o r  even 

t h e  l a r g e s t  d i g i t a l  computer seem 

The r e s u l t a n t  nonl inear  p a r t i a l  d i f f e r e n t i a l  

Even w i t h  t h e  most reasonable  s impl i fy ing  

t o  exclude them as w e l l .  

The r ecen t  advent of hybr id  computers, i n  which a p a r a l l e l  l i nkage  

exists between analog and d i g i t a l  computers, opens up new o p p o r t u n i t i e s  

f o r  t a c k l i n g  a g r e a t  number of important  chemical processes ,  e s p e c i a l l y  

i n  the area of so lv ing  p a r t i a l  d i f f e r e n t i a l  equat ions .  

For the s o l u t i o n  of p a r t i a l  d i f f e r e n t i a l  equat ions hybr id  computa- 

t i o n  o f f e r s  f a s t e r  s o l u t i o n  times than pure d i g i t a l  computation and much 

g r e a t e r  economy of analog hardware than pure  analog computation. 

i n s t a n c e  i n  the serial method of s o l u t i o n ,  the equat ions can be  solved 

i n  an i t e r a t i v e  f a sh ion  on a hybrid computer by time-sharing an  analog 

c i r c u i t  f o r  a s imple d i f f e r e n t i a l  equat ion.  

updates  the i n t e g r a t i o n  p o i n t e r  from run-to-run, s t o r e s  t h e  a p p r o p r i a t e  

For 

The i t e r a t i v e  procedure 
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v a r i a b l e s  i n  t h e  d i g i t a l  computer, and seeks i n t e r p o l a t e d  va lues  of t h e  

dependent v a r i a b l e  from the d i g i t a l  computer. However, the d i v e r s e  

n a t u r e  of t h e  i n d i v i d u a l  computers p lus  the complications which are 

involved because of i n t e r f a c e  equipment tend t o  in t roduce  a number of 

d t f f e r e n t  e r r o r s  i n t o  the computation. 

one dimensional d i f f u s i o n  equat ion ,  one usua l ly  i s  faced w i t h  an extremely 

severe problem of s t a b i l i t y  when t h e  ser ia l  method is employed. 

For example, t o  s o l v e  a s imple 

On t h e  

o t h e r  hand us ing  t h e  c lass ical  " p a r a l l e l  approach", while f r e e  of s t a b i l i t y  

problems as t h e  boundary condi t ions  i n  space are always s a t i s f i e d  i n  t h e  

s imula t ion ,  nevertheless, t h e  amount of equipment requi red  grows pro- 

p o r t i o n a l l y  l a r g e r  as t h e  quan t i za t ion  of t h e  space  v a r i a b l e  x is made 

f i n e r  t o  reduce t r a n c a t i o n  e r r o r .  

a very e f f i c i e n t  hybrid- ' technique of so lv ing  the p a r t i a l  d i f f e r e n t i a l  

equat ions 

The p a r a l l e l  approach is  obviously no t  

1. 

2.  

3.  

The purpose of th i s  research  is  ou t l ined  as follows: 

Explore the.numerica1 algori thms which are app l i cab le  t o  t h e  hybr id  

computer s o l u t i o n  of t h e  p a r t i a l  d i f f e r e n t i a l  equat ions.  

U s e  t h e  most appropr i a t e  hybr id  a lgor i thm t o  s tudy t h e  s o l u t i o n  of 

an i so thermal  tubu la r  f low reac to r .  

Develop the hybr id  algori thm which w i l l  b e  app l i cab le  t o  the system 

of coupled p a r t i a l  d i f f e r e n t i a l  equat ions descr ib ing  t h e  non- 

i so thermal  tubu la r  f low r e a c t o r  i n  two-space dimensions and t i m e .  

To d a t e  no work has been repor ted  on t h e . s o l u t i o n  of the coupled 

d i f  E us ion  type  equat ions.  
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The momentum ba lance  i n  the chemical r e a c t o r  has  been cons t an t ly  ignored 

from 

s t u d i e d  i n  much more d e t a i l  than  e i t h e r  mass o r  hea t  t r a n s f e r  problems. 

One of the b a s i c  assumptions involved i n  this work is  the a p p l i c a t i o n  of 

the analogy between momentum, heat, and m a s s  t r a n s f e r  t o  desc r ibe  t h e  

t r a n s p o r t  processes  i n  t h e  tu rbu len t  f low tubu la r  r e a c t o r .  The problem 

of momentum t r a n s p o r t  was f u l l y  discussed i n  t h e  e a r l y  work (14). 

t h i s  reason,  i t  w i l l  no t  be  repea ted  here .  

most d i scuss ions .  The problem of f l u i d  flow a lone  has  been 

For 

The hybr id  computing system i n  t h e  Engineering Systems Simulat ion 

Laboratory of t h e  Cullen College of Engineering, Univers i ty  of Houston, 

c o n s i s t s  of  an IBM 360 Model 44 d i g i t a l  computer and a Hybrid Systems 

Incorpora ted ,  Model SS-100 analog computer. Communication between t h e  

360 /44  and t h e  SS-100 is' through a HSI Model 1044 Hybrid Linkage Uni t .  

Data t r a n s f e r  between t h e  l i nkage  and t h e  d i g i t a l  computer i s  s p l i t  

between t h e  two high-speed mul t ip lexor  channels .  

A-to-D inpu t  from t h e  l i nkage  u n i t  are through two subchannels on one 

high-speed mul t ip lexor  channel.  

360/44 t o  t h e  l i nkage  over  a subchannel of t h e  second high-speed mul t i -  

p lexor  channel.  This s p l i t  provides  much h ighe r  e f f e c t i v e  d a t a  t r a n s f e r  

Control information and 

D-to-A d a t a  is  t r ansmi t t ed  from t h e  

rates wi th  t h e  1/0 ac t iv i ty  ope ra t ing  asynchronously over  two s e p a r a t e  

channels .  

Through the u s e  of DAMPS2 (21,221 and t h e  Hybrid Executive (11) 

the hybr id  programming i s  

coding system. 

e a s i l y  accomplished i n  a FORTRAN type 



CHAPTER 2 

SURVEY AND PRELIMINARY WORK 

One dimensional i so thermal  t u b u l a r  f low r e a c t o r  y i e l d s  t h e  

fo l lowing  material ba lance  equat ion:  

- ac 3C - a c  D -  - U -  - r ( C >  = -  
2 

2 ax ae ax 

where 5 = mean axial d i f f u s i v i t y  of r e a c t a n t .  

ii = mean axial v e l o c i t y  of mixture.  

r ( C )  = k Cn, (kn: n-th o rde r  r e a c t i o n  rate cons t an t )  n 

Appropriate  i n i t i a l  and.boundary cond i t ions  are: 

where f ( 0 )  

cond i t ions  : 

may b e  represented  by one of the fol lowing three gene ra l  

a, Step  input ;  fee) = cQ; e 0 

b. Square p u l s e  inpu t .  

c .  Impulse inpu t .  

.% 
L e t  U = - 
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and the t ransformat ions  of the v a r i a b l e s ,  

reduces the equat ion  (2.1) t o  the fol lowing dimensionless form: 

aY n aY 
2 

'Q - 2u - - URny = @ at 
2 az az 

(2.3) 

w i t h  the i n i t i a l  condi t ion :  

y(zyW = g ( 4  

and the boundary condi t ions :  

+ - Co,t) = 2U[y(O , t )  - I] (for the s t e p  inpu t )  
az 

If T + Q), @ + 0, the equat ion  r ep resen t s  a s teady-s ta te  problem. 

Numeirous s t u d i e s  have been made o f  the s o l u t i o n  of the s teady-s ta te  

problem (7,151. 

effect on the concent ra t ion  p r o f i l e  i n  the r e a c t o r .  

n e g l i g i b l e  effect on o v e r a l l  conversion when R is  s m a l l .  

The r e s u l t s  r e v e a l  that the backmixing has profound 

It has l i t t l e  o r  

n 
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The numerical s o l u t i o n  t o  this  type of s p l i t  boundary va lue  problem 

is no t r i v i a l  matter, even f o r  a s teady-s ta te  case, because numerical  

i n t e g r a t i o n  from z = 0 t o  z = 1 is uns tab le  and i t s  e r r o r s  tend t o  

grow rather alarmingly.  

F igure  2.1 i l l u s t r a t e s  the most probable  r e s u l t s  one could ob ta in  i n  

the gene ra l  p r a c t i c e  

s o l u t i o n  

0 1 z 

Figure  2.1 The Most Probable Numerical So lu t ions  

Since t o  i n t e g r a t e  from z = 0 involves  an i m p l i c i t  boundary con- 

and (y)z,o. Guessing a s l i g h t l y  l a r g e r  o r  smaller d i t i o n  i n  (s)z=o dY 

v a l u e  of (Y)z=o w i l l  g i v e  unreasonable s o l u t i o n  A o r  B, and i n  f a c t ,  

however accu ra t e  the guess a t  (y)z=o, i t  might prove impossible  t o  g e t  

a p h y s i c a l l y  reasonable  s o l u t i o n  ou t  t o  z=1. Here w e  see that a com- 

ponent of the homogeneous s o l u t i o n  of 

dY n 
dz 7 - ZU - - URny = O d2Y 

dz 
C2.4) 

.when n = 1 
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i s  em', a growing exponent ia l ,  s o  that  a l l  t h e  rounding o f f  and o t h e r  

e r r o r s  (such as the n o i s e  level of the analog computer) are mul t ip l i ed  

by a p o s i t i v e  exponent ia l  and t h e r e f o r e  can blow up. I n t e g r a t i n g  from 

the r e v e r s e  d i r e c t i o n ,  however, seems very s t a b l e  (as C o r  D) . For 

dz 

0.1 

i n t e g r a t e  back t o  

z = 0 is s a t i s f i e d .  

-- dy - 0 is  f ixed  a t  z = 1, and i t  would b e  q u i t e  reasonable  t o  guess 

(as long as i t  i s  smaller than o r  equal  t o  the t r u e  s o l u t i o n )  and 

z = 0, i t e r a t i n g  u n t i l  t h e  boundary condi t ion  a t  

For t h e  s o l u t i o n  of unsteady-state  problems, analog methods are 

complicated by the fac t  that such problems have more than one independent 

v a r i a b l e .  Moreover, analog computers are u s e f u l  f o r  i n i t i a l  va lue  prob- 

l e m s  rather than  boundary va lue  problems. 

s tepwise  i n t e g r a t i o n  i n  t h e  t i m e  domain and most o f t e n  l eads  t o  unecono- 

mica l ly  long computer t i m e s .  

The d i g i t a l  computer demands 

In applying analog methods there exist f o u r  b a s i c  approaches: 

1. Continuous-space-continuous-time (CSCT) . 
2 .  Discrete-space-continuous-time (DSCT). 

3 .  Continuous-space-discrete-time (CSDT). 

4. Discrete-space-discrete-t ime (DSDT) . 
Only the DSDT method i s  f e a s i b l e  f o r  the d i g i t a l  computer, 

The concept of the hybrid computer appears  t o  b e  t h e  most e f f i c i e n t  

means t o  s o l v e  the uns teady-s ta te  problems. 

used hybr id  techniques are: 

Among the most commonly 

1. DSCT method. 

2.  CSDT method. 
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3.' DSDT method. 

4. Monte Carlo method. 

Some i n v e s t i g a t o r s  (8,12) have found the Monte Carlo method t o  b e  

imprac t i ca l  because of the long time t o  complete a random walk. 

using analog n o i s e  genera tors  and allowing the random walks t o  be  taken 

in the analog domain the method may become competi t ive in i ts  problem- 

so lv ing-capabi l i ty .  

methods of s o l u t i o n  is  that the va lue  of the s o l u t i o n  i n  a s e l e c t e d  po in t  

i n  space  can b e  computed without  having t o  s o l v e  t h e  entire multidimen- 

s i o n a l  problem. Since this approach genera tes  the s o l u t i o n  a t  a p o i n t  

rather than  cont inuously no f u r t h e r  d i scuss ion  w i l l  be  made h e r e a f t e r .  

However, 

The advantage of t h i s  method over more convent ional  
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DIGITAL COMPUTER SIMULATION 

Steady-state  s o l u t i o n s  of the problem descr ibed by Equation (2.4) 

were obtained using the f i n i t e - d i f f e r e n c e  method and t h e  CSMP (Continuous 

System Modeling Program) method. 

2.1 Fini te-Difference Method 

The f i n i t e - d i f f e r e n c e  r e p r e s e n t a t i o n  of the d i f f e r e n t i a l  equat ion  

given by Equation (2.4) y i e l d s  

i = i-th mesh p o i n t  ( t o t a l  p o i n t s  = N) 

The s o l u t i o n  of t h e s e  N simultaneous equat ions may b e  obtained 

in a s t r a i g h t  forward manner when boundary condi t ions  are s p e c i f i e d :  

a t  i = 1 (or z = 0) 

(1 + 2uh)y1 - y2 = 2uh 

a t  i = N (or z = 1) 

'N - 'Ni-1 
- 

y s i are obtained i n  a r e c u r s i v e  manner: 

where g i  and bi are the r e c u r s i v e  c o e f f i c i e n t s .  
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The method works success fu l ly  except a t  h i g h  R (=lo) and low n 

r e a c t i o n  order  (n c 11, where y approaches t o  zero a t  some po in t  i 

in the r e a c t o r  tube.  Since there exists a numerical gap between abso lu te  

ze ro  and the minimum a l lowable  magnitude i n  any d i g i t a l  computer, suc- 

cessive readjustment  of the i n t e g r a t i o n  range Z becomes necessary 

whenever yi becomes i n t o l e r a b l y  small i n  magnitude, i n  o rde r  t o  overcome 

the numerical underflow problem. 

The fol lowing t a b l e  reveals t h e  t y p i c a l  uneconomical f e a t u r e  of the 

d i g i t a l  computer i n t e g r a t i o n .  

Resul t s  are shown i n  the Appendix A. 

TABLE 2.1 

Number of i t e r a t i o n s  requi red  t o  converge wi th in  0.001% f o r  the 

case R = 10.  n 

x 1 

67 

37 

2 

25 

198 

* Linear system 

2.2 CSMP Method 

2 

60 

37 

2 

18 

59 

5 

67 

35 

2 

15 

28 

500 

58 

33 

2 

1 2  

14 

The Continuous System Modeling Program is used t o  s imula t e  the 

s teady-s ta te  analog computer s o l u t i o n .  D i f f i c u l t i e s  involved i n  the fo r -  
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ward d i r e c t i o n  i n t e g r a t i o n  are made clear i n  this  method. 

are shown t h e  t y p i c a l  r e s u l t s  f o r  two runs corresponding t o  t h e  curves 

A and B i n  Figure  2.1. 

In Appendix B 

. I n t e g r a t i o n  i n  the reverse d i r e c t i o n  r equ i r e s  the fol lowing t rans-  

formation. 

L e t  w = l - 2  

Then equat ion  (2.4) becomes 

dY n - d2y -k 2U - - URny = 0 
2 dw dw 

with the boundary condi t ions :  

a t  w = 0, 

w = 1, 

- =  dy 0 
dw 

The r e s u l t s  are f a i r l y  c o n s i s t e n t  compared t o  t h e  r e s u l t s  obtained 

from the f i n i t e - d i f f e r e n c e  method. 
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ANALOG COMPUTER SIMULATION 

2.3 Steady-State Analog So lu t ion  

The analog computer i s  r e s t r i c t e d  t o  one independent v a r i a b l e ,  and 

i t  is  p a r t i c u l a r l y  s u i t a b l e  f o r  the i n i t i a l  v a l u e  problem. 

the s p l i t  boundary v a l u e  problem, analog memory p a i r s  w i l l  b e  r equ i r ed  t o  

Whereas i n  

a d j u s t  the i n i t i a l  va lue  assumption, and the r e p e t i t i v e  ope ra t ion  of t h e  

analog computer iterates u n t i l  the boundary cond i t ions  are m e t .  

I n t e g r a t i n g  Equation (2 .4 )  i n  the reverse d i r e c t i o n  g ives  the 

fo l lowing  unscaled c i r c u i t  diagram. 

IC = 0 

2u 

I n i t i a l  Assumption 

Gain 

Y" 
1 

Y" 
UR n 

F i g u r e  2.3 Analog Mechanization of 

I + R e f .  
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2.4 Unsteady-State Analog Solu t ion  

With more t h a n  one independent v a r i a b l e ,  d i s c r e t i z a t i o n  of the 

space  o r  time domains i s  usua l ly  requi red  i n  the analog computer. 

Although problems have been solved using p r o b a b i l i s t i c  techniques without  

any a c t u a l  d i s c r e t i z a t i o n ,  the Continuous-Space-Continuous-Time technique 

(CSCT) has n o t  been p r a c t i c a l  i n  the analog computation. The most widely 

used approach t o  the analog s imula t ion  of unsteady-state  problems involves  

the d i s c r e t i z a t i o n  of a l l  the space v a r i a b l e s  (DSCT). 

By us ing  central d i f f e r e n c e  approximation, equat ion  (2.3) i s  repre-  

sen ted  by a set of discretely-spaced po in t s  as 

wi th  t h e  

and 

The 

boundary condi t ions  

y2 - y1 x 2u(y, - 1 )  a t  z = O  
AZ 

- - 
'W-1 'N-1 

geileral  analog 

I 

a t  z = l  

then takes the form of a r ec t angu la r  network of 

r e s i s t o r s  i n  a one-dimensional a r r a y  w i t h  a c a p a c i t o r  l i n k i n g  each node 

p o i n t  t o  ground. 

are requi red  a t  each g r i d  po in t .  

For this purpose a t  least  an i n t e g r a t o r  and an adder 

Equation (2.7) i s  rewritten f o r  each 

g r i d  p o i n t  i - 
- - ' J 6 t  [yi+l(l - UAz) + yi 1(1 + UAz) - yi(2 + U R n k  2 yi n-1 ) I  d t  

2 - 
uAz yi 
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and f o r  the two boundary p o i n t s  Cat i = 1 and N) 

y1 = (y2 + 2UAz)/(l + 2UAz) 

The mechanization of the  analog system then takes the form shown i n  

F igu re  2.4, w i t h  the i n i t i a l  cond i t ion  app l i ed  t o  each i n t e g r a t o r  cor- 

responding t o  each space  p o i n t  a t  t i m e  t = 0. 

I 

QYN 

I 
I 

I 
& I 

Figure  2.4 P o r t i o n  of the DSCT c i r c u i t  diagram 

An a p p l i c a t i o n  of dynamic memory (13) has  l e d  t o  continuous-space- 

d i sc re t e - t ime  (CSDT) method. I n  this  method the f i n i t e - d i f f e r e n c e  

approximation i s  taken f o r  the time v a r i a b l e  

v a r i a b l e  r e p r e s e n t s  the problem space v a r i a b l e  z .  Equation (2.4) t hen  

becomes 

t and the computer time 
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where the func t ion  y has been s t o r e d  from t h e  previous c a l c u l a t i o n ,  

so t h a t  yt i s  the only  unknown. 

t - A t  

Using convent ional  analog computer techniques the a p p l i c a t i o n  of 

continuous memory and the.CSDT method p resen t s  three major problems: 

p l ay  back, the determinat ion of the i n t e g r a t o r  i n i t i a l  condi t ion  t o  

match the s p l i t  boundary va lues ,  and f i n a l l y  the most important of a l l ,  

the s t a b i l i t y  of the analog feedback loop. A more d e t a i l e d  a n a l y s i s  of 

the s t a b i l i t y  problem of the CSDT method w i l l  appear i n  the la te r  s e c t i o n .  

I f  a l l  the p a r t i a l  d e r i v a t i v e s  are replaced by f i n i t e - d i f f e r e n c e  

express ions  the technique is  then c a l l e d  the discrete-space-discrete- 

time (DSDT) method. 

a l g e b r a i c  equat ions as t h e r e  are po in t s  i n  the space  domain, th i s  i s  no t  

too  d i f f e r e n t  from the pure d i g i t a l  approach which i s  based on simultaneous 

a l g e b r a i c  . equat ions.  

For each t i m e  l e v e l  there are as many simultaneous 
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HYBRID COMPUTER SIMULATION 

The most important  d i s t i n c t i o n  between an analog computer and a 

d i g i t a l  computer is  that the analog computer is a para l le l  device  w h i l e  

the d i g i t a l  computer is  a sequen t i a l  device.  

The completely i n t e g r a t e d  hybrid computer makes optimum use of t h e  

b e s t  f e a t u r e s  of bo th  analog and d i g i t a l  machines - t h e  rep-op and t h e  

speed of t h e  analog,  and the l o g i c ,  memory and accuracy of the d i g i t a l .  

Hence, hybr id  computation i s  pract ical  f o r  t h e  s o l u t i o n  of engineer ing 

problems t h a t  have not  been solved a t  a l l  i n  t h e  p a s t ,  o r  have been 

solved i n e f f i c i e n t l y  on t h e  analog o r  d i g i t a l  machine alone.  

For Steady-State problems (or  more e x p l i c i t l y ,  o rd inary  d i f f e r e n t i a l  

equat ions)  t h e  most common hybrid technique is: 

cl) 

(2) 

Guess a t  the unknown i n i t i a l  value.  

Solve the problem as an i n i t i a l - v a l u e  problem. 

(3) Compare t h e  s p e c i f i e d  boundary condi t ions  a g a i n s t  t h e  
computed va lues .  

(4) Update t h e  s t e p  (1) and i terate t h e  process  u n t i l  t h e  
s o l u t i o n  converges. 

In  t h e  Unsteady-State problems ( p a r t i a l  d i f f e r e n t i a l  equat ions)  

hybr id  computation o f f e r s  f a s t e r  s o l u t i o n  t imes than pure d i g i t a l  com- 

p u t a t i o n  and much g r e a t e r  analog hardware economy than  pure analog com- 

put  a t  ion .  

- 2.5 Steady-State Hybrid Solu t ion  

Following the c l a s s i c a l  approach t o  the s o l u t i o n  of the s t eady- s t a t e  

problems, t h e  analog c i r c u i t  descr ibed  i n  Figure 2.3 may be modified t o  

g ive  t h e  fol lowing hybr id  system diagram: 
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Figure 2.5 Hybrid System f o r  Steady-State Simulation 
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The computed boundary va lues  may be  sampled a t  the end of each 

analog rep-op cyc le ,  and the d i g i t a l  program then  updates the i n i t i a l  

4 v a l u e  f o r  the next analog c y c l e  u n t i l  the f i n a l  convergence has achieved. 

' A  case study w a s  made t o  demonstrate the a d a p t a b i l i t y  of the hybrid 

s imula t ion  of boundary va lue  problems. 

when compared w i t h  the a n a l y t i c  and d i g i t a l  so lu t ions .  Of course,  wi th  

th i s  s imple  s t eady- s t a t e  problem, numerous f e a t u r e s  of t h e  hybrid tech- 

nique cannot b e  f u l l y  explo i ted .  The d e t a i l s  and r e s u l t s  are presented 

in Appendix C.  

The r e s u l t s  are q u i t e  s a t i s f a c t o r y  

2.6 Unsteady-State Hybrid Solu t ion  

One of the most important app l i ca t ions  of hybr id  computers is  i n  

so lv ing  p a r t i a l  d i f f e r e n t i a l  equat ions.  

,The problem of unsteady-state  processes  usua l ly  assumes that  one 

of  the independent v a r i a b l e s  i s  t i m e  and the rest are s p a t i a l  v a r i a b l e s .  

For a one-space dimensional p a r t i a l  d i f f e r e n t i a l  equat ion,  b o t h  the CSDT 

and DSCT methods y i e l d  a set  of ord inary  d i f f e r e n t i a l  equat ions whi le  

the DSDT method l e a d s  t o  a set of a l g e b r a i c  equat ions.  

2.6.1 DSDT Hybrid Method 

Here the problem t o  b e  solved i s  first programmed f o r  convent ional  

d i g i t a l  computer so lu t ion .  Then, analog hardware is  considered as com- 

p r i s i n g  subrout ines  employed i n  a d i g i t a l  computer so lu t ion .  The ad- 

vantage of the hybr id  technique over a pu re  d i g i t a l  s o l u t i o n  is  that t h e  

c a l c u l a t i o n  of the non-linear terms and the inve r s ion  of the matrix can 

be accomplished much more r ap id ly .  However, the problem of convergence 

- 
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f o r  more complicated problems makes f u r t h e r  development of th i s  method 

debatab le .  

Chan ( 4 )  r epor t ed  the a p p l i c a t i o n  of a b lock  r e l a x a t i o n  technique 

t o  avoid the l a r g e  amount of analog equipment needed f o r  a high-order 

a l g e b r a i c  system. 

a l g e b r a i c  equat ions  ins tan taneous ly .  

as the r e l a x a t i o n  proceeded from a b lock  of s p a t i a l  and temporal c e l l s  

t o  the neighboring b lock .  

Analog a r r a y s  w e r e  cons t ruc ted  t o  s o l v e  simultaneous 

This analog b lock  was time-shared 

A s  f o r  a s imple example, cons ider  t h e  fol lowing system of equat ions .  

= U(ti' x . )  = U W t ,  
where 'ij J 

In matrix form we can w r i t e :  

A -1 0 

-1 A -1 

0 -1 A 

. 
0 .. .. 
0 .. .. 

0 

0 

-1 

6 
.. 

0 

0 

0 . 
-1 

0 

0 

0 

0 

i 
T l  

0 

0 

0 

-1 

A 

uil 

12 U 

"4 

+ U  6ui-l,1 i,o 

6ui-l, 2 

6U + U  i-1,J i,J+1 

where J i s  the number of p o i n t s  a long the x-coordinate,  and 

2 6 = (Ax) / A t ,  A = 2 + 6 r e spec t ive ly .  In s t ead  of s e t t i n g  up the comp1el.e 

matrix, a block of f i v e  x-points i s  set up. 

a t  each ends, the whole process  is repea ted  aga in  and aga in  u n t i l  con- 

Assuming boundary condi t ions  
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vergence of the r e s u l t s  a t  the certain time increment is  achieved, then 

the o p e r a t i o n  advances t o  the n e x t  b lock  of temporal p o i n t s .  

2.6.2 DSCT Hybrid Method 

The chief disadvantage of th is  classical analog technique is  the 

d i r e c t  p ropor t ion  between the number of f i n i t e - d i f f e r e n c e  g r i d  p o i n t s  

in the space  domain and the analog hardware requirement.  Accordingly, 

it has been suggested f o r  the hybrid computing techniques that a b a s i c  

analog computing b l o c k  could b e  time-shared. 

used r epea ted ly  t o  provide s o l u t i o n s  f o r  each of the s e c t i o n s  of t h e  

space domain. It is t h e r e f o r e  necessary t o  u s e  i terat ive techniques t o  

"match" a l l  t h e  time-shared s e c t i o n s .  

The analog system is  then 

Coulman, S v e t l i k  and C l i f f o r d  (6) app l i ed  the DSCT method t o  l i n e a r  

one s p a c e  dimension, p a r a b o l i c  equat ion.  

f e r e n t i a l  equat ions were uncoupled using matrix t r ans fo rma t ion  thus 

al lowing any number t o  b e  solved a t  one time on the analog. 

The r e s u l t i n g  ordinary d i f -  

Bishop and Green (2) used t h e  DSCT and t h e  a l t e r n a t i n g  d i r e c t i o n  

i m p l i c i t  technique t o  s o l v e  f o r  the p r e s s u r e  h i s t o r y  i n  a two-space 

dimensional o i l  r e s e r v o i r  problem. Resu l t s  compared q u i t e  favorably 

w i t h  an a l l  d i g i t a l  s o l u t i o n  i n  accuracy and the hybr id  s o l u t i o n  w a s  

accomplished i n  much s h o r t  pe r iod  of  t i m e .  

Rewriting Equation (2.8) f o r  a first o r d e r  problem l e a d s  

(2.10) 
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when t ak ing  each g r i d  p o i n t  as a b a s i c  analog computing block,  t h e  

hybr id  b lock  diagram f o r  Equation (2.10) i s  i l l u s t r a t e d  i n  F igure  2.6.2. 

F igure  2.6.2 Hybrid Block Diagram f o r  Equation 2.10 

The analog system i s  used success ive ly  t o  r ep resen t  t h e  g r i d  po in t  

of t h e  space domain, s t a r t i n g  wi th  one end and te rmina t ing  a t  t h e  o t h e r  

end. 

has been obtained.  Unfortunately,  t h e  need f o r  t h e s e  i t e r a t i o n s ,  as 

w e l l  as the e r r o r s  in t roduced  i n  the hybr id  loop,  g r e a t l y  l i m i t s  the 

a p p l i c a b i l i t y  of t h i s  technique.  

The s o l u t i o n  va lues  are played back and s t o r e d  u n t i l  convergence 
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2.6.3 CSDT Hybrid Methods 

Cont ras t ing  t o  the DSDT hybrid method the serial o r  CSDT hybrid 

method i s  an analog computer o r i en ted  technique. 

. Because of the engineer ing importance and the abundance of problems 

cha rac t e r i zed  by one-dimensional d i f f u s i o n  equat ions a cons iderable  

amount of e f f o r t  (9) has been devoted t o  this method f o r  so lv ing  non- 

linear pa rabo l i c  p a r t i a l  d i f f e r e n t i a l  equat ions i n  one space-dimension. 

In the CSDT method, the problem time-variable is  d i s c r e t i z e d  and 

the analog computer t ime-variable r ep resen t s  the problem space-variable .  

A c losed  analog loop i s  employed t o  i n t e g r a t e  a spatial-dependent or- 

d inary  d i f f e r e n t i a l  equat ion  a t  success ive  t i m e  l e v e l s .  By c o n t r o l l i n g  

the analog i n t e g r a t i o n  i n t e r v a l ,  this method has an a d d i t i o n a l  advantage 

over o t h e r s  i n  handl ing  moving boundaries .  

Another important f e a t u r e  of the CSDT method i s  that the analog 

hardware requirements are very  modest because a r e l a t i v e l y  s m a l l  analog 

' c i r c u i t  i s  time-shared t o  s o l v e  the entire problem. 

cons iderable  d i f f i c u l t i e s  were encountered i n  obta in ing  dependable re- 

s u l t s  using the CSDT method ( 9 , 2 4 ) .  The major d i f f i c u l t y  is  t h a t  i n  , 

so lv ing  the b a s i c  s p a t i a l  sweep from boundary t o  boundary, a t  each 

d i s c r e t e  t i m e  level,  one usua l ly  is faced wi th  an  extremely seve re  

In p r a c t i c e ,  however, 

problem of s t a b i l i t y  due t o  h igh  analog loop ga ins .  

A. The Classical CSDT Approach 

As an example, cons ider  a s imple d i f f u s i o n  equat ion  

(2.11) 
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w i t h  CSDT approach, denot ing y ( x , t . )  by y (XI 

where t = i h t ,  Equation 2.11 becomes; 

1 i 

i 

(2.12) 

Schematical ly  the hybrid se tup  f o r  the equat ion (2.12) i s  shown i n  

F i g u r e  2.6.3. The c o n f i g u r a t i o n  i n  F igu re  2.6.3., however, i nvo lves  a 

p o s i t i v e  feedback loop of f o u r  o p e r a t i o n a l  a m p l i f i e r s  w i th  a n  o v e r a l l  

loop g a i n  of $/At. 

CONTINUOUS 
SIGNAL PLAYBACK 

F i g u r e  2.6.3 A Classical CSDT set up 
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Again, w e  see t h a t  a component of t h e  homogeneous s o l u t i o n  of 
- 

Equation (2.12) is  a growing exponent, exp (]$/At x) . I f  w e  are t o  b e  

assured  that t h e  t r a n s i e n t  s tudy  r e s u l t s  w i l l  b e  meaningful the size of 

A t  .must f i r s t  be  determined. Moreover, t o  keep t h e  t r u n c a t i o n  e r r o r  

i n  the d i f f e r e n c e  quo t i en t  scheme s m a l l ,  one must keep A t  s m a l l .  Y e t ,  

a smaller A t  impl ies  h igher  ga ins  i n  the analog loop which is  i n h e r e n t l y  

cons t ra ined  by t h e  phase margin of t h e  ampl i f i e r s .  On t h e  o t h e r  hand 

us ing  a l a r g e  A t  w i l l  not  only produce a l a r g e r  e r r o r ,  bu t  may a l s o  

l o s e  much of t h e  t r a n s i e n t  information.  I f  we t r y  t o  perform t h e  i n t e -  

g r a t i o n  of Equation (2.12) i n  the backward sense ,  t h e  method i s  s t i l l  

computat ional ly  uns t ab le ,  This w i l l  be  i l l u s t r a t e d  l a t e r  i n  t h i s  chapter. 

For this reason numerous approaches have been proposed by many in-  

v e s t i g a t o r s  (5,9,16,24-32) i n  order  t o  a l l e v i a t e  t h e  inhe ren t  i n s t a b i l i t y  

problem of t h e  ana log  components. 

B. The Green's Function Method (5,31) 

B r i e f l y ,  t h e  Green's func t ion  method i s  equ iva len t  t o  the so-called 

method of v a r i a t i o n  of parameters i n  elementary d i f f e r e n t i a l  equat ions ,  

w i t h  t h e , r e s t r i c t i o n  t h a t  $ i n  Equation (2.11) i s  a cons tan t .  

Consider equat ion (2.12) w i t h  t h e  s u b s c r i p t  i dropped, and l e t  

g(x) r ep resen t ing  the known func t ion  yi-1 

n 

(2.13) 
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s a t i s f y i n g  t h e  boundary condi t ions  

Y(0) = y(1) = 0 . (2.14) 

L e t  y (x) and y (x) be  two independent homogeneous so lu t ions ,  one 

then w r i t e s  

1 2 

s u b s t i t u t i n g  y(x) i n t o  equat ion  (2.13) , w e  have, fol lowing the s tandard  

method of v a r i a t i o n  of parameters.  

1 1 ? 

If y = A y l  3. B y2 

t 1 

provided t h a t  A yl + B y2 = 0 

Also 

? ?  II 1 

and since y and y2 are the s o l u t i o n s  of t h e  homogeneous equat ion 1 

= o  1 

-pY 
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F i n a l l y  w e  have 

I t 

A y l  + B y 2  = 0 

1 1 1  1 )  

AY1 + B Y2 = --g(x) @2. 

(2.16a) 

(2.16b) 

as cond i t ions  f o r  A and B, The independency of y and y2 implies  

t hen  a unique s o l u t i o n  f o r  A and B 

1 
t I 

where 

(2.17a) 

(2.17b) 

I 
.is t h e  Wronskian determinant ,  o r  

Upon i n t e g r a t i o n ,  w e  ob ta in  

( 2 . 1 7 ~ )  

(2.18) 

where C 1  and C2 are cons tan t s  t o  be determined by the boundary con- 

d i t i o n s ,  equa t ion  (2.14) . 
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X 
1 

e and a f t e r  some 
- -  1 

8 - x  By s u b s t i t u t i n g  y ( x )  = e , y2(x) = e 1 
1 

, B  
a l g e b r a i c  manipulat ion,  denoting - by u 

(2.19) 

where 

O < { < x < l  

O < X < E < l  

- - -  Sinh u 5 Sinh CY (l-x) 

Sinh CY x Sinh CY (1-5) 
(2.20) 

- - -  

1 
CY Sinh CY 

n 

known as t h e  Green's func t ion  of t h e  opera tor  d' - u2 = o s a t i s f y i n g  
dxL 

t h e  homogeneous boundary condi t ions .  

The hybrid set-up i s  shown i n  F igure  2.6.4. 

Figure  2.6.4 Green's Funct ion Method 
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The speed of s o l u t i o n  i s  much slower compared t o  that of the 

classical CSDT approach. 

equa t ion  (2.19) i n  5 i s  necessary t o  g e t  one p o i n t  of y (x). Since 

the Green's f u n c t i o n s  of the s p a t i a l  d i f f e r e n t i a l  ope ra to r  should b e  

pre-computed, and the s o l u t i o n  t o  the d i f f e r e n t i a l  problem i s  replaced 

by an i n t e g r a l  r e l a t i o n  t o  the non-homogeneous terms, depending on the 

number of  samples used i n  the space-direct ion,  i t  w i l l  r e q u i r e  the same 

number of i n t e g r a t i o n s  p e r  t i m e  s t e p .  

One may n o t i c e  that  a complete i n t e g r a t i o n  of 

i 

The p h y s i c a l  s i g n i f i c a n c e  of the Green's f u n c t i o n  G(x,C) i s  the 

response of t h e  system t o  an impulse e x c i t a t i o n  a t  x = e .  Thus, 

equa t ion  (2.19) i s  nothing more t h a n  the r e s u l t  of supe rpos i t i on .  

advantage here i s  t h a t  t h e  boundary cond i t ion  is  au tomat i ca l ly  s a t i s f i e d ,  

The 

i . e . ,  it i s  a l r e a d y  p a r t  of t h e  whole system. I n  o t h e r  words, the Green's 

Funct ion Approach s o l v e s  equa t ion  (2.13) n o t  as a n  i n i t i a l  v a l u e  problem, 

b u t  as p a r t  of a system given by equat ions (2.13) and (2.14), i nco rpora t ing  

bo th  equat ions t o g e t h e r  a t  the same t i m e .  Therefore,  there should have no 

s t a b i l i t y  problem a t  a l l .  

This method, however, h a s  only l i m i t e d  a p p l i c a t i o n .  The success  of 

the whole scheme hinges on the f a c t  t h a t  an a n a l y t i c  form of t h e  Green's 

f u n c t i o n  can indeed b e  determined. Such a requirement,  gene ra l ly  speaking, 

is  d i f f i c u l t  t o  meet.(24). More d e t a i l s  are d i scussed  i n  Witsenhausen (31) 

and Chan (5). 

C. The I n t e g r a l  Equation Method (4,5) 

In essence, the p r i n c i p l e  of the i n t e g r a l  equat ion approach i n  n o t  

very much d i f f e r e n t  from that  of the Green's f u n c t i o n  approach. 
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Using the same equat ion (2.12) again,  wi th  homogeneous boundary 

condi t ions .  In s t ead  

the method seeks the 

boundary condi t ions .  

The s o l u t i o n  t o  

dL (9 of seeking the Green's func t ion  f o r  - - - 
2 At ' .,2 dx 

U Green's func t ion  f o r  - s a t i s f y i n g  t h e  same 
dx 2' 

equat ion  (2.13) i s  then  given by 

(2.21) 

The func t ion  k(x,E) i s  c a l l e d  t h e  k e r n e l  of the i n t e g r a l  equat ion ,  

The major d i f f e r e n c e  between equat ions (2.19) and (2.21) i s  t h a t  t h e  

unknown func t ion  y(x) appears  on both s i d e s  of t h e  l a t te r .  It is a l s o  

known as t h e  Fredholm equat ion  of t h e  second kind.  

so lv ing  t h i s  i n t e g r a l  equat ion i s  t h e  so-ca l led  Neumann series, which 

A p r a c t i c a l  way of 

is  no t  always convergent (5). The implementation of t h e  Neumann series 

has been w e l l  s t ud ied  (5), t h e r e f o r e  w i l l  no t  b e  discussed a t  any l eng th  

here .  I n  f a c t ,  t h e  s o l u t i o n  t i m e  f o r  t h e  i n t e g r a l  equat ion method is 

even longer  than  t h e  Green's func t ion  method, f o r  i t  takes t h e  same 

amount of t i m e  f o r  each i t e r a t i o n  as it  would f o r  one time s t e p  i n  t h e  

Green's func t ion  method, and s e v e r a l  i t e r a t i o n s  f o r  one t i m e  s t e p  solu-  

t i o n .  

D. The Funct ional  Optimizat ion Approach 

Hara and Karplus (9) repor ted  a d i f f e r e n t  way of handl ing t h e  in- 

s t a b i l i t y  problem by t ransforming the problem i n t o  one of opt imal  c o n t r o l ,  

In t roducing  a c o n t r o l  func t ion  y in Equation(2.12) r e s u l t s  i n  
A 

i 
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(2.22) 

As can b e  seen from F igure  2.6.3, the classical approach of t h e  CSDT 

set up t o  the equa t ion  (2.12) always l e a d s  t o  the analog computer c i r c u i t  

con ta in ing  a c losed  loop  comprised of an even number of o p e r a t i o n a l  

a m p l i f i e r s .  

t o  e x h i b i t  marked s e n s i t i v i t i e s  t o  e r r o r s  i n  i n i t i a l  cond i t ions  and 

Such a c i r c u i t  i s  i n h e r e n t l y  u n s t a b l e  and can b e  expected 

component i naccurac i e s .  By i n v e r t i n g  the s i g n  of y as shown i n  the 

equa t ion  (2.22), the method r e t a i n s  t h e  advantageous f e a t u r e s  of t h e  

serial CSDT method w h i l e  obv ia t ing  t h e  need f o r  an even number of opera- 

i 

t i o n a l  a m p l i f i e r s  i n  the analog loop. 
A 

The problem then  becomes one t o  f i n d  a c o n t r o l  po l i cy  y i n  o r d e r  
i 

t o  minimize t h e  c r i t e r i o n  f u n c t i o n  which is  def ined by 

where 

( fo r  

With the 

I x=o 

A 

ei = Y i  - Y i  
A 

when y -+ yi, ei + 0) . i  

s u b s t i t u t i o n s ,  the state equat ions t o  b e  solved are 

(2.23) 

(2.24) 

(2.25) 

2 
i 

- -  - e  dvi 
dx 
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along wi th  the proper  i n i t i a l  condi t ions .  

Updating of the c o n t r o l  po l i cy  involves  so lv ing  t h e  two sets of  

a d j o i n t  equat ions.  Actual updating of the c o n t r o l  po l i cy  i s  accomplished 

bY 

(2.26) 

This  method, a l though f e a s i b l e  and poss ib ly  e x t e n s i b l e  t o  h igher  

dimensions, r e q u i r e s  cons iderable  mathematical manipulation and hardware. 

The s i m p l i f i e d  hybr id  mechanization i s  shown i n  F igure  2.6.5. 

1IGITAL 
OMPUTER 

I I 

D/A 
I t  

- - I t  
I 

4 
I 
I 
I 
I 
I 
1 
1 
I 
1 .  
I .  

1 

I 

Y i  

A/D 
1 
I 
I 
I 
I 
I 

I 
I 

I 
I 
t 
I 
I 
I 
I 
I 
I 
1 
I 
L 
I 
I 
I 

i 
I 
I 
I 
I 
I 
I 
I 
4 
I 

Figure  2.6.5 Hybrid Computer Mechanization of the CSDT 

Funct ional  Optimizat ion Approach 
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E. The Decomposition Method 

Vichnevetsky (24,25,28) proposed a s t a b l e  method which had been 

used i n  the optimal c o n t r o l  problems (ca l led  the "Riccatti transformation") 

(32). 

t o red  d i f f e r e n t i a l  equat ion  f o r  the homogeneous case .  One of t h e  

The genera l  s o l u t i o n s  are obtained f i r s t  by i n t e g r a t i n g  t h e  fac-  

f a c t o r e d  equat ions is s t a b l e  i n  the forward d i r e c t i o n  and the o t h e r  i n  

t h e  backward d i r e c t i o n .  The homogeneous s o l u t i o n s  are obtained p r i o r  t o  

t h e  a c t u a l  c a l c u l a t i o n s  s i n c e  they are t i m e  independent. The complete 

s o l u t i o n  i s  then  obtained by adding a p a r t i c u l a r  s o l u t i o n  obtained a t  

each t i m e  s t e p  t o  t h e  homogeneous s o l u t i o n s .  This  method al lows one t o  

r ep lace  t h e  usua l  i t e r a t i o n  schemes f o r  one dimension and t i m e  wi th  one- 

pass  pe r  t i m e  s t e p  a t  a c o s t  of augmenting t h e  system w i t h  a d d i t i o n a l  

equat ions  e 

Deta i led  d i scuss ion  of t h e  decomposition method w i l l  b e  given i n  

the la ter  s e c t i o n  s i n c e  i t  is t h e  technique s e l e c t e d  f o r  t h e  major p a r t  

of t h i s  s tudy.  

2.6.4 

Another approach t o  t h e  s o l u t i o n  of i n i t i a l  va lue  p a r t i a l  d i f f e r e n -  

t i a l  equat ion  problems which is widely used i n  d i g i t a l  computers are the 

Funct iona l  Approximation Methods. These methods have an o b j e c t i v e  iden- 

t i ca l  t o  that: of t h e  p a r a l l e l  f i n i t e  d i f f e r e n c e  method; t h a t  i s ,  they 

provide a device  by which the s o l u t i o n  of these problems can be  approxi- 

Funct ional  Approximations and Other Nethods 

mated by t h e  s o l u t i o n  of i n i t i a l  va lue  problems i n  sets of  ord inary  

d i f f e r e n t i a l  equat ions .  
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One of t h e  earliest methods i n  f u n c t i o n a l  approximation w a s  proposed 

by Rayleigh and later extended by R i t z  and Galerkin (27,19). 

cation of these methods t o  the reduc t ion  of p a r t i a l  d i f f e r e n t i a l  equat ions 

t o  o rd ina ry  d i f f e r e n t i a l  equa t ions  w a s  proposed independently by Kantorovich 

and by Por i t zky  (27). 

The a p p l i -  

What a l l  these methods have i n  common is  the f a c t  

that the s o l u t i o n  u(x, t )  of a p a r t i a l  d i f f e r e n t i a l  equat ion i n  space 
* 

x and t i m e  t i s  approximated by a f u n c t i o n  u (x,al(t),aa(t>, . . . ,a N(t)), 

where the dependence upon x i s  p resc r ibed .  

Consider the fol lowing i n i t i a l  va lue  problem: 

(2.27) 

where X(*) denotes  a p a r t i a l  d i f f e r e n t i a l  o p e r a t o r  i nvo lv ing  s p a t i a l  

d e r i v a t i v e s  of  u ( x , t ) ,  g (x , t )  is  a given f u n c t i o n  s p e c i f i e d  over  

s p a t i a l  domain D f o r  time, t - > 0 w i t h  boundary S. 

The a p p r o p r i a t e  i n i t i a l  and boundary cond i t ions  are: 

0 u(x,O) = u (x) i n  D 

+ m [ ~ ( x , t ) ]  = B,(x,t) on S, m = 1,2 ,...,M 

Assume an approximation s o l u t i o n  of the form 

N * 
u (x,t) = C ai(t) fi(x) 

i=1. 

(2.28a) 

(2.28b) 

(2.29) 
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where the f (x) c o n s t i t u t e  a set of  p re sc r ibed  func t ions  of space over 

D. 

i 

* 
The convergence of approximate s o l u t i o n  u (x,t) t o  the exact 

s o l u t i o n  perhaps is  b e s t  measured by the d e p a r t u r e  from ze ro  of a l l  the 

corresponding r e s i d u a l s :  

The 

The 

The 

equat ion r e s i d u a l  : 

* * au * 
R(u ) - - X(U ) - g(x , t )  a t  

(2.30) 

i n i t i a l  r e s i d u a l :  

boundary r e s i d u a l s :  

* 
Obviously, when u is  t h e  exac t  s o l u t i o n  of t h e  problem, a l l  

r e s i d u a l s  are ' i d e n t i c a l l y  zero.  
* 

I n  this r e s p e c t ,  the choice of t h e  form of u de f ines  the fol lowing 

methods. 

1) An i n t e r i o r  method: The boundary cond i t ions  are always s a t i s f i e d  

CBm E a). 

2) A boundary method: The d i f f e r e n t i a l  equa t ions  are i d e n t i c a l l y  solved 

(R E 0). 
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3) A mixed method: 

cond i t ions  are s a t i s f i e d .  

One i n  which n e i t h e r  the equat ion nor  the boundary 

The approximation process  c o n s i s t s  i n  minimizing t h e  r e s i d u a l s  f o r  

the above methods, of which, the least squares  procedure and methods of 

weighted r e s i d u a l s  are most commonly employed. Some s p e c i a l  cases of  

methods of  weighted r e s i d u a l s  are the Ritz-Galerkin method (or thogonal i ty  

method), t h e  method of c o l l o c a t i o n  ( r equ i r ing  that  t h e  r e s i d u a l  van i sh  

a t  a s e l e c t e d  set of p o i n t s ) ,  the method of moments, and the method of 

subdomains: 

1) The least squares  procedure: The i n n e r  product 

2 < R,R > = J’ R dD 
D 

(2.33) 

is formed and i t s  minimum is sought. 

2) Methods of weighted r e s i d u a l s :  The minimization of R is i n t e r p r e t e d  

as equa t ing  t o  ze ro  N weighted i n t e g r a l s  o r  i n n e r  products:  

< R,w > = 0, j=1,2 ,..., N (2.34) 5 

The w 

a r b i t r a r i l y ,  

are a set  of weight ing f u n c t i o n s  which can b e  s e l e c t e d  
j .  

a) The Ritz-Galerkin method, where the Weighting func t ions  are the 

coord ina t ing  func t ions  f (x) themselves. 

< R,f > = J’ R f (x)dD = 0,  j=1,2 ,..., N 
j D j 

(2.35) 

S u b s t i t u t i n g  equat ion (2.30) i n t o  (2.35) y i e l d s  



42 

, 
j=1,2,.. . . ,N (2.36) 

which is  a system of o rd ina ry  d i f f e r e n t i a l  equat ions of o r d e r  

N. 

b) Gollocat ion,  i n  th i s  case the w are N d i r a c  d e l t a  func t ions  
j 

j=1,2, .  . . ,N w = 6(x-x j ), 
j 

(2.37) 

c )  Method of moments, one selects a set of  l i n e a r l y  independent 

polynomials , p j  (x) , i n  the variables x. 

w j  = Pj(X)Y j=1,2, .  . :,N (2.38) 

d) Subdomain method, the domain D i s  subdivided i n t o  N sub- 

domains, n o t  n e c e s s a r i l y  d i s j o i n t ,  

j=1 ,2 , .  . . ,N and 3 ’  
D 

j 
i n  D 

o u t s i d e  of D 
j 

and 

1 RdD = 0 ,  j=l,2,...,N 
D 

(2.39) 

(2.40) 

* 
In  most a p p l i c a t i o n s ,  u is  linear i n  the a (t), i.e., 

i * N  .- 
U 

i=l ‘ a i . C t )  fi(x). The ai(t> s a t i s f y  a set of o rd ina ry  d i f f e r e n t i a l  

equat ions obtained as the r e s u l t  of  the approximation process .  This 
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system of ord inary  d i f f e r e n t i a l  equat ions i s  then  i n t e g r a t e d  by analog, 

d i g i t a l  o r  hybrid computer methods. 

The freedom that e x i s t s  i n  the choice of the coord ina te  func t ions  

f (x) (or sometimes c a l l e d  the eigen-funct ions)  l eads  t o  the development 

of the Assumed Mode So lu t ion  (3,171, where i n  some cases  proper ly  s e l e c t e d  

modes provide a set of coord ina te  func t ions  i n  which t h e  s o l u t i o n  series 

converges more r a p i d l y  than  that of t h e  normal modes. I n  s p i t e  of t h i s ,  

the technique r e q u i r e s  a g r e a t  dea l  of pre l iminary  work be fo re  t h e  prob- 

l e m  is ready f o r  t h e  hybr id  computer. The s e l e c t i o n  of t h e  modes i s  

no t  easy and i s  usua l ly  s u b j e c t i v e .  

i 

Nelson (16) d iscussed  t h e  p o s s i b l e  a p p l i c a t i o n  of i n v a r i a n t  im- 

bedding t o  t h e  CSDT hybr id  method. 

a method f o r  conver t ing  a two-point boundary va lue  problem f o r  a l i n e a r  

system of ord inary  d i f f e r e n t i a l  equat ions t o  an equiva len t  i n i t i a l - v a l u e  

problem f o r  an a s soc ia t ed  non-linear system o r  ord inary  d i f f e r e n t i a l  

Inva r i an t  imbedding i s  e s s e n t i a l l y  

equat ions .  

t o  t h e  time-dependent h e a t  d i f f u s i o n  equat ion  Nelson coneluded t h a t  t h e  

Following t h e  usua l  d e r i v a t i o n  which appl ied  the CSDT method 

. 
method can be app l i ed ,  a t  least i n  p r i n c i p l e ,  t o  any l i n e a r  p a r t i a l  

d i f f e r e n t i a l  equat ion ,  provided t h e  a s soc ia t ed  boundary condi t ions  i n  

the continuous v a r i a b l e  can b e  put  in t h e  l i n e a r  inhomogeneous form. 
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2.7 Classical CSDT Hybrid Simulat ion of An Isothermal  Tubular Flow 
Reactor w i t h  Axial Di f fus ion  

In o r d e r  t o  i l l u s t r a t e  the inherent i n s t a b i l i t y  problem of the 

classical CSDT technique discussed i n  t h e  previous s e c t i o n ,  let us consider  

ou r  b a s i c  problem. 

(2.41) 

1 -  L2 where - - - 
ET a 

Applying t h e  classical CSDT approximation and r eve r s ing  t h e  i n t e g r a t i o n  

d i r e c t i o n  l e a d s  t o  t h e  fol lowing d i f f e r e n c e - d i f f e r e n t i a l  expression:  

i i-1 - d2yi - ,., - 2 u -  'Yi + UR yi + Y - Y 
2 -  dz n aAt dz 

(2.42) 

wi th  

i i i 
Y = y ( z , t  ); t = i A t  

Dropping t h e  i t e r a t i o n  index i from Equation (2.42) f o r  t h e  c u r r e n t  

va lues  and r e w r i t i n g ,  w e  have 

1 = -2Uf + UR,y + a [y - yi-'] 

w i t h  the following i n i t i a l  and boundary cond i t ions .  

(2.43) 

(2.44) 
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The d e t a i l s  of t h e  hybrid programming procedure are d i scussed  i n  ABpendix 

D. For s i m p l i c i t y ,  since our  purpose here i s  t o  i l l u s t r a t e  the d i f f i c u l -  

ties involved i n  t h e  classical CSDT approach, l e t  

U = l  and 

R = 1  n 

The i n s t a b i l i t y  problem which is d i r e c t l y  r e l a t e d  t o  the magnitude 

of aAt, i .e.,  t h e  loop ga in ,  i s  examined by a d j u s t i n g  the potent iometer  

s e t t i n g  f o r  t h e  va r ious  aAt values .  

TABLE 2..7.l Potent iometer  S e t t i n g s  

Pot-4 
corresponding s t a b l e  r e s u l t s  

aAt v a l u e  obtained? 

0.1 ' L 4 ( 1.0.25) Yes 

- (= 0.0835) p a r t i a l l y  12 0 .3  

0.5 

0.6 

0.7 

0.05 p a r t i a l l y  

1 - (= 0.0417) 24 

- (= 0.0358) 
28 

no 

no 

no - (= 0.0312) 
32 

- (= 0.0278) 
36 

0.8 

no 0.9 

1.0 (0.9999) 0.025 no 
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As the magnitude of aAt becomes smaller the cond i t ion  f o r  t h e  

s o l u t i o n  t o  b e  converged g e t s  worse, and f i n a l l y  i t  becomes impossible  

t o  attain a stable r e s u l t .  Even using the smallest p o s s i b l e  I C  change 

w i t h i n  the system (u v o l t s )  

i n  the r e s u l t i n g  t e rmina l  va lues .  

i n  F igu re  2.7 f o r  backward i n t e g r a t i o n  i n  z .  

I an enormous d i f f e r e n c e  can b e  observed 

This t y p i c a l  problem is  i l l u s t r a t e d  

Y 

IC 

Figure  2.7 Typical  Unstable Resu l t s  o f  the 
Classical CSDT Approach 

Table  2.7.2 e x h i b i t s  ano the r  example of the major d i f f i c u l t i e s  

a s s o c i a t e d  w i t h  the classical CSDT approach. In f a c t ,  as shown i n  

F igu re  2.7, t o  o b t a i n  a s t a b l e  r e s u l t  is  e n t i r e l y  ou t  of the q u e s t i o n  i n  

the classical CSDT when us ing  & A t  = 0.025. 
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TABLE 2.7.2 Comparison of t h e  Trans ien t  Resul ts  
at the End of the F i r s t  T i m e  Increment (At) 
f o r  a h t  = 0.025 

Axial p o s i t i o n  

(2 = 0 t o  1) 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

C l a s s i c a l  CSDT * Exact CSDT ** 

0.2674 
0.2147 
0.1725 
0.1385 
0.1112 
0.0893 
0.0718 
0.0576 
0.0463 
0.0372 
0.0299 
0.0240 
0.0193 
0.0155 
0.0125 
0.0100 
0.0081 
0.0065 
0.0053 
0.0043 
0.0036 
0.0030 
0.0026 
0.0023 
0.0022 

0.3122 
0.2539 
0.2039 
0.1637 
0.1315 
0 SO56 
0.0846 
0.0678 
0.0543 
0.0436 
0.0352 
0.0283 
0.0227 
0.0182 
0.0147 
0.0155 
0.0092 
0.0073 
0.0059 
0.0046 
0.0038 
0.0031 
0.0026 
0.0022 
0.0021 

* u n s t a b l e  results, terminated a t  the 21st i t e r a t i o n .  

1-1 ** a n a l y t i c  s o l u t i o n  may b e  obtained by e l imina t ing  y from 

equat ion  (2.43) cyi-' 5 o f o r  i = 1) 



CHAPTER 3 

SERIAL HXBRID DECOMPOSITION METHOD I N  
ONE-SPACE DIMENSION AND TIME 

3.1 Mathemat€cal Development of S e r i a l  Hybrid Decomposition Method 

The method of decomposition allows one t o  r e p l a c e  the u s u a l  i t e r a t i o n  

schemes w i t h  a one-pass scheme a t  a c o s t  of augmenting the system wi th  

a d d i t i o n a l  equa t ions .  Vichnevetsky (23-30) w a s  t h e  first t o  p o i n t  ou t  

i t s  advantages f o r  hybrid computation. 

To i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e  decomposition technique f o r  

the hybr id  s o l u t i o n  of the unsteady-state  problem, aga in  consider  t h e  

fol lowing d i f f u s i o n  equation: 

f o r  z E (0 , l )  

w i t h  the i n i t i a l  and boundary cond i t ions  : 

Y ( Z , O )  = Y (0) z 

(3.1) 

The hybr id  CSDT method of approximation c o n s i s t s  in expressing the 

s o l u t i o n  along e q u i d i s t a n t  lines p a r a l l e l  t o  the z axis i n  the (z,t)  

plane.  I f  we denote  y (z) the v a l u e  of y ( z , t )  a t  time t = i A t ,  

then Equation (3.1) can b e  approximated by 

i i 

, .  
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i+l i 

a A t  
- Y  - 2U - dYi - URny;] = 

dz  

where 0 is a cons tan t  which must be chosen i n  

C3.3) 

the interval 1/2  < 8 - < 1 

t o  ensure s t a b i l i t y  i n  the time marching process .  (29) 

i+1 To produce t h e  equat ion  f o r  y : 

dyi+' 1 ) yi+l d2yi+l 

dz 
- 2u ~ - (URn + 

dz ae A t 
2 

dYi 
i [F - 2 U  - - URnyi] ( 3 . 4 )  

,-A - - 
ore A t e d z  

which can be  rewritten: 

-where 

R i  = - Y - - (1-8) e [--& d2yi - 2u-- dYi d z  ( 3 . 6 )  
i' 

a@ A t 

Equation ( 3 . 5 )  i s  a n  ord inary  d i f f e r e n t i a l  equat ion  i n  the independent 

is com- v a r i a b l e  z . The new va lue  Ri+l t o  be  s t o r e d  a t  t i m e  t i+l 

puted by a r e c u r s i v e  r e l a t i o n s h i p ,  s i n c e  from equat ion  ( 3 . 6 )  

or 
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dyi+' 1 i+l 2 i+l 

a0 A t Ri+l - Y - 2u-- - (uRn+  
a0 A t e 2 dz 

- -  

0 - 0 )  yi+l 
-I__ 

8 & A t  

t ak ing  equat ion  (3.5) i n t o  account. 

An a l t e r n a t i v e  expression is: 

i+l 

a8 A t ) 
Ri+l 1 i  Y = Ri - F(R + (3.8) 

Equation (3.5) i s  of t h e  second o rde r  i n  Z ,  i t s  c h a r a c t e r i s t i c  

equat ion  is: 

(3.9) 

o r  

8 = U +  J2 U + U R n + a e A t  . 1  (3.10) 

These two 6s are real and of oppos i t e  s i g n .  It was poin ted  ou t  

by Vichnevetsky (23) t h a t  t h e  d i r e c t  i n t e g r a t i o n  of Equation (3.5) as an 

i n i t i a l  va lue  problem of  t h e  second order  could r e s u l t  i n  uns t ab le  e r r o r  

propagat ion problems. 

To apply t h e  method of Decomposition let  

(3.11) 

be the second order  ope ra to r  which can b e  decomposed i n t o  the product of 
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two first o r d e r  o p e r a t o r s ,  LB and LF, which are intended t o  y i e l d  

s t a b l e  i n t e g r a t i o n s  i n  the backward and forward d i r e c t i o n s ,  r e s p e c t i v e l y .  

ETe can w r i t e  

By i d e n t i f i c a t i o n  w e  o b t a i n  

. AB + .  'F = 2u 

and , AB AF = - [URn + a0 ' 1  A t 

(3.12) 

(3.13) 

Conditions f o r  t h e  s t a b l e  i n t e g r a t i o n  i n  t h e s e  r e s p e c t i v e  d i r e c t i o n s  are 

A > 0 and AF - < 0 ,  which y i e l d  
' B -  

, A B  = u +  k2 + URn + ae l . 1  A t 

2 '  1 and hF = U - + URn 4- ae A 
(3.14) 

Now, to o b t a i n  t h e  homogeneous s o l u t i o n s ,  any func t ion  y1(z) which 

is a s o l u t i o n  of 

(3.15) 

is a l s o  a s o l u t i o n  of L(y ) = 0, since 
1 
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(3.16) 

The i n t e g r a t i o n  of (3.15) r equ i r e s  only  one boundary va lue  a t  

S imi l a r ly ,  any s o l u t i o n  o f  

z=1. 

i s  a l s o  a s o l u t i o n  of 

L(Y2) = 0 

(3.17) 

(3.18) 

And the i n t e g r a t i o n  of (3.17) r equ i r e s  only one boundary va lue  a t  

W e  can choose yl(l) = 1 and y (0) = 1 f o r  convenience. 2 t =o . 
F i n a l l y ,  t o  o b t a i n  the p a r t i c u l a r  s o l u t i o n  of equat ion ( 3 . 5 ) ,  i f  

xi+'\z) is  a s o l u t i o n  o f :  

i+l = ' Ri i+l dx 
dz ABX 

- -  

and yi+l(z) is  a s o l u t i o n  of :  3 

i+l 
i+l 

E X  
4 Y 3  if1 

dz 7 'FY3 

then  w e  have 
c 

(3.19) 

(3.20) 
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Thus, w e  have 

This ho lds  f o r  any boundary cond i t ions  chosen t o  i n t e g r a t e  equa t ions  

(3.19) and (3.20). For s i m p l i c i t y ,  the a s s o c i a t e d  boundary cond i t ions  

can b e  chosen t o  be: 

and 

Now 

i+l x (1) = 0 

(0) = 0 i+l 
y3 

we can observe that any l inear combination 

i+l + bi+l 
a y 1  

Yi+l - - 

(3.22) 

(3.23) 

satisfies equat ion (3.5). Once y,(z), y2(z) and y y ( z )  are known, 

the two cons t an t s  a i+l and can always be  found s o  that equation bi+l 

(3.23) s a t i s f i e s  t h e  boundary cond i t ions  of the o r i g i n a l  problem, equat ion 

(3.2). This formulates  the gene ra l  s o l u t i o n  t o  the problem. 

3.2 Hybrid Computer Set-Up 

The hybr id  computer b lock  diagram f o r  the procedure desc r ibed  i n  

the previous s e c t i o n  is shown i n  F igu re  3.1, 
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, - -- 
i+l 

y3 
INTEGRATE 

i+l ' ) =x i+l 
LF(y3 

I INTEGMTE 

BOUNDARY 

- 
n 
-3 
3 
;d 
?I 

ANALOG 

DIGITAL 

F i g u r e  3.1 Hybrid Computing C i r c u i t  Diagram f o r  
The Serial-Decomposition Method 

The o v e r a l l  i n t e g r a t i o n  procedure can b e  summarized as follows: 

1) By i n t e g r a t i o n  of l inear homogeneous equat ions (3.15) and C3.17) 

a n a l y t i c a l l y  and computing va lues  d i g i t a l l y ,  o b t a i n  and s t o r e  

the time independent elementary s o l u t i o n s  y (z) and y,(z). 1 
2) I n t e g r a t e  the two s t a b l e  d i f f e r e n t i a l  equat ions (3.19) and (3.20) 

w i t h  boundary cond i t ions  (3.22) on the analog computer. 

3) Compute a and b i+l by the a p p l i c a t i o n  of the boundary 

cond i t ions  (3.2) on t h e  d i g i t a l  computer. 
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INTEGRATE AND STORE 

dz dz XFY2 = 0 
dy2 hgyl = 0 ;  - - dyl 

Y1(1) = 1 ; y2(0) = 1 

- -  

.. 

Compute the s o l u t i o n  yi+l(z) 

the ana log  computer. 

Compute 

computer. 

Return t o  s t e p  2 f o r  the next  time increment.  

by the a p p l i c a t i o n  of (3.23) on 

Ri+l(z) by the a p p l i c a t i o n  of (3.8) on the d i g i t a l  

- 
INTEGRATE AND STORE 

dz 'BX t 
is1 

dx = Ri 
Xi+l(l) = 0 -- 

The. procedure is  summarized i n  the fo l lowing  diagram: 

COEPUTE AND STORE 
i+l - i+l i+l i+l 

- (Ri + yi+'/af3At) i+l - Ri 
Y - a  Y l + b  Y 2 + Y 3  

0 R -  - 

+ 
COMPUTE 

i+l a i+l and b 

I 

F igure  3 . 2  Sequence of Operat ions 



56 

3.3 Simulat ion of An Isothermal  Tubular Reactor with Axial Di f fus ion  

It becomes apparent  that the classical CSDT method w i l l  n o t  y i e l d  

a s t a b l e  s o l u t i o n  w h e n  t ime increment reaches a certain lower l i m i t .  

This i s  due t o  the fac t  that such a mechanization always l e a d s  t o  a very 

h i g h  p o s i t i v e  g a i n  i n  the i n t e g r a t o r  feedback loop. 

By us ing  the s a m e  case s tudy from Sec t ion  2.7, the method of decom- 

p o s i t i o n  fol lows:  

The two homogeneous s o l u t i o n s  as descr ibed by Equations (3.15) and 

(3.17) are e a s i l y  obtained d i g i t a l l y  from the fol lowing expressions;  

(3.24) 

(3.25) 

which s a t i s f y  the r equ i r ed  i n i t i a l  cond i t ions  

S ince  they  are time independent, the s o l u t i o n s  are only computed 

once and s t o r e d  f o r  t h e  later usage a t  a l l  t i m e  s t e p s .  

The p a r t i c u l a r  s o l u t i o n  i s  a r r i v e d  by i n t e g r a t i n g  Equations (3.19) a 

and (3.20) success ive ly .  The a c t u a l  mechanization of t h e s e  two equat ions 

is desc r ibed  in Appendix E. 

The s t a r t i n g  v a l u e  of Ri i s  d i r e c t l y  obtained from t h e  i n i t i a l  

v a l u e  when 8 is set t o  1. 

F i n a l l y ;  t o  o b t a i n  the gene ra l  s o l u t i o n  

Y = a Y 1  + b  Y2 + Y 3  (3 -26) 
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the two cons t an t s  a and b must b e  solved by applying the boundary 

cond i t ions ,  since 

and 

dy3 + -  dy2 + b -  dy a - dyl - =  
dz dz dz dz (3.27) 

ay2 
AFY2 

- e  
dz 

S u b s t i t u t i n g  the above expressions i n t o  Equation (2.44) we o b t a i n  t h e  

fol lowing expressions:  

(3.28) 

D i g i t a l  p o r t i o n  of t h e  program us ing  DAMPS and Hybrid Executive i s  

l i s t e d  . in Appendix E. 

Table 3.3 is  a comparison of the r e s u l t s  from t h e . c l a s s i c a 1  method 

and the decomposition method f o r  

the s t a b i l i t y  range o f  the classical method. 

the classical method is n o t  the f i n a l  converged r e s u l t  (since i t  is  im- 

p o s s i b l e  t o  a t t a i n  a s t a b l e  s o l u t i o n ) ,  b u t  rather, i t  is the r e s u l t  a t  t h e  

a A t = 0.025, which w a s  f a r  beyond 

Note that the r e s u l t  of 
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end of the 21st iteration. From this table the significantly more stable. 

nature of the serial-decomposition solution is clearly illustrated. 

Table 3.3 Comparison of the Results (aAt = 0.025) 

Time Step 

i 

1 
2 
3 
4 
5 
6 
7 
8 
9 

c 

* 
** 

Y ( 0 )  

Classical Decomposition 

0.3122 
0.3930 * 
0.3901 * 
0.4977 
0.5831 
0.6766 
0.7043 * 
0.6796 * 
1.0000 ** 

0.2674 
0.3673 
0.4324 
0.4809 
0.5321 
0.5644 
0.5887 
0.6113 
0.6421 

erratic results . 

amplifier overload 

t where yC0) = concentration at z = 0 

Classical 

0.0021 
0.0104 
0.0278 
0.0509 
0,0812 
0.1178 
0.1596 
0.2035 
0.2487 

Decomposition 

0.0021 
0.0048 
0.0129 
0.0268 
0.0564 
0.0840 
0.1010 
0.1221 
0.1566 

yC1) = concentration at z = 1 
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In p r i n c i p l e ,  t h e  a n a l y t i c  s o l u t i o n  can b e  obtained by means of 

the Laplace t r ans fo rma t ion  s a t i s f y i n g  the s p e c i f i e d  boundary cond i t ions ,  

then, carry o u t  the inverse t r ans fo rma t ion  us ing  the Heavis ide p a r t i a l  

f r a c t i o n  theorem. However, the mathematical d e r i v a t i o n s  involved i n  

this o p e r a t i o n  are extremely complex even i n  the s imples t  linear case of 

equat ion.  The a n a l y t i c  s o l u t i o n  of equa t ion  (3.1) w i t h  the corresponding 

boundary c o n d i t i o n  (3.2) w a s  given by Yaws (33), who i n t e g r a t e d  the 

inverse of the p o s i t i o n  t r a n s f e r  f u n c t i o n  (33) by in t roduc ing  the r e s u l t  

ob ta ined  from t h e  p u l s e  response and y i e lded  the fol lowing gene ra l  

express  i o n  : 

(3 .30)  

where 

a = Bn/Pe + Pe/4 + Rn/2 n 

= nth p o s i t i v e  r o o t  t o  the t r anscenden ta l  equa t ion  'n 

1 Pe  = - 
2u 

0 = 2aUt 
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The convergence of the series i s  known t o  b e  very slow f o r  l a r g e  

values .  In s t ead ,  the d i g i t a l  computer s o l u t i o n  w a s  obtained using the 

i m p l i c i t  f i n i t e  d i f f e r e n c e  approach (using 50 m e s h  po in t s  i n  the space  

coord ina te)  t o  compare t h e  r e s u l t  from the serial decomposition method. 

The r e s u l t s  shown i n  Figures  3.3.1 and 3.3.2 agree  f a i r l y  w e l l .  In 

f a c t ,  the s t eady- s t a t e  s o l u t i o n  from the d i g i t a l  computer f i n i t e  d i f -  

f e r ence  method (see Table E-1) does no t  match exac t ly  t o  the a n a l y t i c  

s o l u t i o n  due t o  t h e  e r r o r s  r e s u l t e d  from t h e  f i n i t e  d i f f e r e n c e  approxima- 

t i o n s  t o  the d i f f e r e n t i a l  equat ion.  

P e  

Addi t iona l  d e t a i l s  of t h e  decomposition technique are shown i n  

Appendix E. 
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.6 

.4 

Y 

.2 

- i m p l i c i t  f i n i t e  d i f f e r e n c e  s o l u t i o n  
(mesh p o i n t  i n  z = 50) 

0 decomposition method s o l u t i o n  

0 

0 .5 1 

Figure  3 . 3 . 1  Comparison of t h e  Transient Solu t ions  
for a h t  = 0.025, parameter = t i m e  s t e p  
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.8 

.6 

Y 

.4 

.2 

c 

- i m p l i c i t  f i n i t e  d i f f e r e n c e  s o l u t i o n  
(mesh p o i n t  i n  

decomposition method s o l u t i o n :  
z = 50) 

0 t i m e  s t e p  = 1 
' 0  t i m e  s t e p  = 5 

A t i m e  s t e p  = 10 

0 
P .5 1 

Figure  3 . 3 . 2  Comparison of t h e  Trans ien t  Solu t ions  
f o r  aAt = 0.25, parameter = t i m e  s t e p  



C W T E R  4 

SERIAL HYBRID DECOMPOSITION METHOD I N  TWO-SPACE 

DIMENSION AND TIME 

41. Mathematical Development 

To extend the decomposition method i n t o  an a d d i t i o n a l  space  domain, 

the r e l a t e d  system equat ions r e q u i r e  some b a s i c  modif icat ions i n  o r d e r  

t o  apply the e x i s t i n g  serial hybrid techniques.  S ince  i n  the ser ia l  

approach only one independent space v a r i a b l e  i s  considered i n  t h e  entire 

computation process ,  it.seems most n a t u r a l  t o  fol low some of t h e  w e l l  

e s t a b l i s h e d  numerical  methods f o r  s o l v i n g  t h e  multidimensional problems. 

Among them, the method of l i n e s  and t h e  a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  

method (18) perhaps are t h e  two most promising techniques a p p l i c a b l e  t o  

the ser ia l  s o l u t i o n  of t h e  multidimensional problems. When these 

approaches are followed i t  w i l l  normally r e s u l t  i n  e i t h e r  an e x p l i c i t /  

i m p l i c i t  o r  t h e  a l l  i m p l i c i t  

and Karplus (9) proposed a p o s s i b l e  extension t o  t h e i r  technique; a 

formulat ion of t h e  o r i g i n a l  problem. Hara 

combination of t h e  a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  method and the func- 

t i o n a l  op t imiza t ion  technique t o  o b t a i n  t h e  ser ia l  s o l u t i o n  of the two- 

space dimension problem. 

one dimensional problem by the f u n c t i o n a l  op t imiza t ion ,  t h e  p r a c t i c a l  

a p p l i c a t i o n  i n t o  t h e  two dimensional case may b e  very l i m i t e d .  

and Tomalesky (29,30)  discussed va r ious  approaches i n  conjunct ion w i t h  

the serial decomposition method f o r  the two space  dimension problem. 

Judging from t h e  complicat ions involved i n  t h e  

Vichnevetsky 

In this  s e c t i o n  w e  p r e s e n t  two b a s i c  approaches us ing  the serial 

decomposition method; a CSCSDT method and a CSDSDT method (29).  
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4.1.1 Al t e rna t ing  Direc t ion  Impl i c i t  Formulation by A Continuous 
Space, Continuaus Space, Discrete Time Method (CSCSDT) 

The serial decompositon method and the Peaceman-Rachford Method (18) 

&nown as the a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  method) can be  combined t o  

s o l v e  two dimensional unsteady state problems. As  an i l l u s t r a t i o n ,  

cons ider  t h e  fol lowing simple equat ion wi th  a cons tan t  d i f f u s i v i t y :  

where 

and wi th  c e r t a i n  i n i t i a l  and boundary condi t ions  which w i l l  be  omitted 

from t h e  p re sen t  d i scuss ion  s i n c e  our  purpose h e r e  is  p r imar i ly  t o  i n t r o -  

duce, t h e  combined technique. The b a s i c  process  i n  pass ing  from ti t o  

ti+' 

d i f f e r e n t i a l  equat ions  by t h e  CSDT decomposition technique,  

has two p a r t s ;  each p a r t  involving t h e  s o l u t i o n  of a set of ord inary  

For t h e  f i r s t  p a r t ,  i n t e g r a t i n g  i n  t h e  x d i r e c t i o n  along the l i n e s  

of cons tan t  y ' s  from ti t o  t t h e  CSDT r ep resen ta t ion  of 

equat ion  (4.1) i s  

2 i  
d um (XI 

i 

( 4 . 2 )  - u CX) m - - -  (XI 
i+1/2 

2 At a -  2 

U m CX) 
2 i+1/2 

- 
a -  At dY2 

2 
dx 
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w i t h  m = 1 , 2  ,..., M-1 (note that y = 0,  y = ylf are boundaries) 

i i 
where 

u m = U(X,Ym,t  ) 

Equation (4.2) can b e  rewritten as 

i+l / 2 
U 

2 i+1/2 

2 
- m = $ 

A t  rn 
2 a -  dx 

where 

(4.3) 

(4.4) 

The ser ia l  decomposition method descr ibed i n  Chapter 3 can b e  app l i ed  

t o  s o l v e  equat ion (4.3) t o  o b t a i n  u i+1/2 (x) 
m 

The second p a r t  w i l l  c o n s i s t  of f i n d i n g  u i+l(y) a long t h e  l i n e s  R 
x = x R = 1 ,2 , .  . . , L - 1 (where x = 0 and ’ x = x are boundaries ,  a:  L 

i+l 

We now a l t e r n a t e  

dy2 , 

or  r e w r i t i n g  the 

2 i+l 
“1 

dY2 

t h e  d i r e c t i o n s  of equat ion (4.2) and o b t a i n  

cr) 2 i-t1/2 

dx 
(4.5) UR 

i+1/2 (y) 
- R 

At a -  2 

U 
i+l 

A t  
2 

- UR (Y) - - -  
2 a- 

above equat ion : 

i+l 

At 
2 

= R Y 2  
R U - -  
a -  

(4.6) 
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where 

a -  2 

By comparing equat ions ( 4 . 3 )  and (4.7) where m and R r ep resen t  t h e  

same p o s i t i o n  on the (Mfl) x (L+l) g r i d  a t  t 1+1/2 

A t  
a -  A T )  - a -  2 2 

Knowing RRi+1/2, equat ion (4 .6 )  can b e  solved by the decomposition 

method t o  o b t a i n  u i+l(y) over R = 1,2,. . . , L-1. This completes the 

second p a r t  of t h e  a l t e r n a t i n g  d i r e c t i o n  p rocess  and a l s o  one time s t e p  

R 

of t h e  CSDT procedure. 

W e  can conclude from t h e  above d e r i v a t i o n s  that  t h e  fol lowing gene ra l  

r e c u r s i v e  r e l a t i o n s  exist  i n  t h i s  a l t e r n a t i n g - d i r e c t i o n  marching process:  

and 

i - Rm - 

L 

i+1/2 
. 2um 

h t  
a -  2 i ( 4 . 9 )  

O r  more gene ra l  i f  w e  drop m and R from R s  
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(4. l o )  
"2 

' T  
A t '  
- with i = 1/2,1,3/2,2,.. . ,  

The l i m i t a t i o n s  of th i s  method are d i scussed  i n  the example a t  

the end of this chapter .  

4.1.2 E x p l i c i t / I m p l i c i t  Formulation (29,30) by a Continuous Space, 
Discrete Space, Discrete Time Method (CSDSDT) 

Another approach t o  the two-space dimension problem is  by d i s c r e t i z i n g  

one of the space  v a r i a b l e s .  

reduced t o  a set of one space  dimension and t i m e  problems by consider ing 

N ad jacen t  s p a c e l i n e s  covering the d i s c r e t i z e d  space domain. This 

approach i s  f i r s t  app l i ed  by Vichnevetsky and Tomalesky (29,30) w i t h  the 

decomposition method and i s  known t o  t h e  usua l  numerical methodology 

as the d i f f e r e n c e - d i f f e r e n t i a l  technique o r  t h e  method of lines which i s  

more f a m i l i a r  i n  the Russian l i t e r a t u r e .  

Then, the two-space dimension problem i s  

If w e  now d i s c r e t i z e  t h e  y and t domains and i n t e g r a t i n g  con- 

t i nuous ly  along x ,  the two space dimension problem descr ibed by 

Equation (4.1) may be approximated by: 

(4 -11) 

fo r  n = 1,2,...,N (spacel ines  i n  y domain). 

From Equation (4.11) i t  i s  clear that this  e x p l i c i t l i m p l i c i t  repre-  

s e n t a t i o n  of  the approximation permits  an immediate a p p l i c a t i o n  of the  

decomposition method independently t o  the N equat ions descr ibed by (4.11). 
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4.2 Simulat ion of An Unsteady-State Isothermal  Tubular Reactor 

Equation (2.1) may b e  modified t o  y i e l d  the fol lowing material 

b a l a n c e  equa t ion  of  an i so the rma l  t u b u l a r  r e a c t o r  i n  the c y l i n d r i c a l  

coord ina te s  w i t h  a x i a l  symmetry. 

where 

x E (0,L) ; l o n g i t u d i n a l  d i r e c t i v e  

y E (0,R) ; r a d i a l  d i r e c t i v e  

0 E (0,T) ; t i m e  

L e t  

z = X/L,  r = y/R, t = B/T and f = c/c0 
- 

A f t e r  making v a r i a b l e  s u b s t i t u t i o n s  w i t h  n = 1, equat ion (4.12) is  

transformed i n t o :  

af $f = 6 -  a t  
af -- I' a2f 

2 
'I; 

az z 

Lu where P = -- ; axial  P e c l e t  number 
e z Dx 

- Ru (E) ; ' r a d i a l  P e c l e t  number 
pe -D  

r Y  

(4.13) 

w i t h  
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z E ( o , l ) ,  r E (0,l) and f E (0 , l )  

and 

f = f ( z , r , t )  

Equation (4.13) is a second o r d e r  equat ion i n  bo th  z and r and f i r s t  

o r d e r . i n  time t .  The appropr i a t e  i n i t i a l  and boundary cond i t ions  are 

given by 

For t - < 0, f ( z , r , t )  = 0 

For t > 0 

f ( O , l , t )  = 1 

- =  df 0, z = 1 
dz 

- -  d f - O ,  r = O a n d r = l  
d.r 

> (4.14) 

Unfortunately,  a p p l i c a t i o n  of t h e  a l l  i m p l i c i t  CSCSDT method t o  t h i s  

problem in t roduces  a b a s i c  d i f f i c u l t y  which makes t h i s  method unable t o  

s a t i s f y  t h e  r a d i a l  boundary cond i t ions  imposed by Equation (4.14). 

s u b j e c t  m a t t e r - w i l l  b e  f u r t h e r  d i scussed  i n  Appendix H. 

This 

By applying the CSDSDT approach, i f  w e  consider  N ad jacen t  s t r a i g h t  

lines covering the r a d i u s  of  the r e a c t o r  t ube  and let  

the reactant concen t r a t ion  along the n t h  l i n e ,  then equat ion (4.13) 

may b e  approximated by: 

fn (z , r )  r e p r e s e n t  
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- 
I_---- 

2 fn+l 2nAr 
- n 1 ['n+1 irifn + fn 1 + a2fn af 

B f n  + - 1 

r * 'e 2 az 'e az 
Z 

or 

where 

2n-1 
2 2 ;  T =  2n+l ; Q = -  2 

Pe Ar Pe (2nAr ) 2 P = *  

Pe (2nAr ) 
r r r 

I f  we now apply discrete time approximation to this equation with implicit 

formulation in the z direction, we obtain 

i+l 
i 6 i i - Pfn+l - (Q + fn - Tfn,l = -  i+l 6 - (B + -;\-t-> fn - df n 

dz 
1 

2 'e Z dz 

The above equation represents an implicit/explicit approximation in 

and r directions respectively, or we can rewrite in the form 

z 

d2f i+l i+l 
n df n if1 i 

= Rn 8 - Pe (6 +E) fn 
Z 

- 'e dz z 2 dz 

i 6 f f where Ri = -Pe [Pfn+l + CQ + E) fn + Tfn n 
z -  

(4.16) 

with 

0 
n R 5 0  
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S ince  Pe 

opera to r  

is space dependent i n  the a c t u a l  sense the second o r d e r  
z 

is decomposed i n t o  the product of two f i r s t  o r d e r  ope ra to r s  

L = L g  LF 

- d 

d 

LB - - 

x , (4  L F - d z -  
- 

(4.17) 

(4.18) 

cond i t ions  f o r  the s t a b l e  i n t e g r a t i o n  . .  i n  these r e s p e c t i v e  d i r e c t i o n s  are 

A > 0 and XF - < 0. By i d e n t i f y i n g  (4.17) and (4.18) y i e l d s  a d d i t i o n a l  B -  
cond i t ions  on IF and AB: 

or ' + IF = Pe 
z B 

(4.19) 

(4.20) 

which becomes 



., AB = Re -, AF 
z 
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(4.22) 

This l a t te r  equat ion (or sometimes c a l l e d  the R ica t t i  equat ion (29 ) ) i s  

s t a b l e  when i n t e g r a t e d  i n  the reverse ( z  = 1 t o  0) d i r e c t i o n ,  w i t h  any i n  

i n i t i a l  cond i t ion  s a t i s f y i n g :  , A F ( l )  2 0. 

a n d ,  AB d i r e c t l y  
' AF If  Pe i s  c o n s t a n t ,  w e  can s o l v e  

z 

' B  A + A F = P  e 
z 

6 - - -Pe (B + -) A t  
z 

then 
6 

- d e + 4Pe (B +E) 
z z z pe - 

'F - 2 

(4.24) 

(4.25) 

(4.26) 

Now, a p a r t i c u l a r  s o l u t i o n  of equat ion (4.16) i s  obtained by the fol lowing 

sequence of i n t e g r a t i o n s :  

d i 
dz LB[x(z)] f -X - AB x = R,(z) (11 

- A F  f 3 i+ l  = x(z) i+1 d i+l LF[f3 (211 - f dz 3 (2 1 

(4.27) 

(4.28) 

That fgi+l s a t i s f i e s  equat ion (4.16) i s  e a s i l y  shown by: 
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13-1 LF(fgi+') = LB(LF(f3'+')) = LB(x) = R i L(f3 1 = LB n 

The method of f i n d i n g  the genera l  s o l u t i o n  i s  essent ia l ly  t h e  same as 

the procedure descr ibed  i n  Chapter 3. 

The i n t e g r a t i o n  of (4.23) needs t o  b e  done only once. However, i f  

Pe i s  a l s o  time dependent, then  (4.23) must b e  i n t e g r a t e d  at  each t i m e  
z 

increment.  
/ 

Now, a t  t h e  r a d i a l  boundaries where r = 0 and r = 1 equat ion  (4.13) 

must b e  reformulated,  w e  have 

and af 
ar a t  r = 0 ,  - = O  

a l s o  u = 0 af - 0 a t  r = 1, - -  a r  

t hen  we have . I  af a2f (1) At r = 0 and s i n c e  lim -- = - r ar 2 '  r-to ar 

(4 .29)  

Following t h e  same procedure,  the above equat ion  may b e  put  i n  t h e  

form of t h e  Equation (4.16) wi th  

This  then  can b e  solved i n  t h e  similar manner. 

(2) A t  r = 1 where u = 0 and Pe = P = 0. 
e 

z r 
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Mult iply equat ion  ( 4 . 1 3 )  by Pe , w e  ob ta in  
Z 

and let  

C 
L ~ K  

P e 8 = -  = w D 
z X 

Then w e  have 

( 4 . 3 1 )  

The second d e r i v a t i v e  i n  r d i r e c t i o n  may be represented  by 

- 2fn + f n  - - -  a2f - fn+l  

ar 2 A r  2 -  

-f + f n  n .  - 
h r  

= f .  fn+ l  n since 2 
= 
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F i n a l l y  : 

i d2fni+l X X v 
) A r  fn-l  A r  2 dz 

Since V ,  W, and X are a l l  func t ions  of z ,  . by  fol lowing t h e  previous 

d i scuss ion ,  w e  have 

( 4 . 3 3 )  

By i d e n t i f y i n g  t h e  t e r m s ,  i t  them becomes 

AB = -Ap 

( 4 . 3 4 )  

This l a s t  equat ion  (R icca t i  equat ion)  i s  s t a b l e  when i n t e g r a t e d  from 

z = 1 t o  z = 0, w i t h  any i n i t i a l  condi t ions  s a t i s f y i n g :  AF(l) 0. 

and . AB d i r e c t l y :  
. IF - I f  c o e f f i c i e n t s  are cons tan t ,  w e  can s o l v e  

.- 

( 4 . 3 5 )  
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df i+l 

dz 
n 

It i s  i n t e r e s t i n g  t o  p o i n t  o u t  a t  this  s t a g e  that  i n  gene ra l  case when 

i n t e g r a t i o n  of the Riccat i  equat ion i s  required,  t h e  p a r t i c u l a r  s o l u t i o n  

becomes t h e  r equ i r ed  s o l u t i o n .  

axial  boundary cond i t ions .  

This i s  e a s i l y  proven by applying t h e  

= X F ( l )  f n i + l  + x(1 )  0 
z=1 

Since 1 = o  
az z=1 

w i t h  the cond i t ions  X F ( l )  = 0 and x(1) = 0, w e  can immediately see 

that,  a t  z=l, the p a r t i c u l a r  s o l u t i o n  i s  au tomat i ca l ly  s a t i s f i e d :  

g.e.d. 

i+l The i n i t i a l  c o n d i t i o n  f (0) f o r  t h e  above equat ion may b e  obtained n 

= XF(0) f +, x(0) 

x(0) + PeZ 
then f i+1(0) = 

n -XF(O) + PeZ 

and f o r  r = 1, simply f ifl(0) E 1. n 

( 4 . 3 6 )  

(4.37) 

The computation sequence may b e  o u t l i n e d  as follows: 

Lntegrate  the Ricca t i  equat ion,  which is  s t a b l e  in the backward 

d i r e c t i o n  (z = 1 to 0) , w i t h  any in i t i a l  cond i t ion  X F ( l )  5 0 

t o  o b t a i n  X ( z >  and consequently X,(z). 

(1) 

F 
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(2) The backward i n t e g r a t i o n  of 

w i t h  x(1) = 0 

( 3 )  The forward i n t e g r a t i o n  of 

i+l This sequence i s  repeated f o r  n = 1,2,.. . ,N, f o r  each time s t e p  t . 
To demonstrate t h e  method of s o l u t i o n ,  lets consider  a s imple first- 

o r d e r  i r r e v e r s i b l e  r e a c t i o n  of t h e  form 

A + B + C  ( 4 . 3 8 )  

Based on t h e  p a s t  work (14), t h e  

c u l a t e d  numerically assuming t h a t  t h e  f u l l y  developed v e l o c i t y  p r o f i l e  

exists. For s i m p l i c i t y ,  t h e  v e l o c i t i e s  and eddy d i f f u s i v i t i e s  are kept  

cons t an t  a long t h e  a x i a l  d i r e c t i o n .  

d i scussed  i n  Appendix F. 

t r a n s p o r t  p r o p e r t i e s  can b e  cal- 

The complete d e t a i l s  are f u r t h e r  

The s u c c e s s f u l  a p p l i c a t i o n  of t h i s  e x p l i c i t / i m p l i c i t  approach re- 

q u i r e s  t h a t  f o r  th is  a lgo r i thm t o  be  s t a b l e  the fol lowing c o n d i t i o n  should 

b e  m e t  (30) 
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Backard integration 

, p = 0 

Backward integration 

x(1) = 0 

, 
Compute 

Forward integration 
$+l 

w i t h  (0) 

t + t i - A t  c,ill 
I 

Figure 4.2.1 Computing Sequence Block Diagram 
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so that 

A similar c r i t e r i o n  can be found from any t e x t  d i scuss ing  t h e  same 

approach. 

Ri i n  equat ion  (4.16) w i l l  always have t h e  same s i g n  (negat ive) .  

. Figure  4.2.2 i s  the transient r e s u l t ,  a p l o t  of r e a c t a n t  concentra- 

t i o n  along the r e a c t o r  a x i s  a t  var ious  r a d i a l  l i n e s  a t  t h e  end of 20 

time s t e p s  a f t e r  a s t e p  input  i n  concent ra t ion  of 

duced. Due t o  t h e  l i m i t a t i o n  of t h e  p l o t  r o u t i n e  used t h e  graphs do not  

r ep resen t  a l l  t h e  r a d i a l  increments used i n  t h e  s imula t ion ,  i n s t e a d  only 

the fol lowing n ine  curves are shown: 

A has been i n t r o -  

Curve 1 : n = 1 (cen te r  l i n e )  

Curve 2 : n = 3 

Curve 3 : n = 5 

Curve 4 : n = 6 

Curve 5 : n = 7 

Curve 6 : n = 8 

Curve 7’: n = 9 

Curve 8 : n = 10 

Curve 9 : n = 11 ( w a l l  l i n e )  

where n r ep resen t s  r a d i a l  increment. 

P l o t s  of t h e  r e a c t a n t  concent ra t ion  p r o f i l e s  i n  the r a d i a l  d i r e c t i o n  

are presented  in Figures  4.2.3 (each f i g u r e  r ep resen t s  9 

a x i a l  p o i n t s  f o r  the t o t a l  of 50 a x i a l  p o i n t s ) .  

Trans ien t  r e s u l t s  a t  the e a r l y  time s t e p s  are a l s o  shown i n  Appendix 

F (Figures F-3 through F-8). 
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CHAPTER 5 

Simulat ion of A Non-isothermal 
Tubular Flow Chemical Reactor -- 

Energy and Material Balances 

A l l  t ubu la r  f low chemical r e a c t o r s  i n  which heat i s  exchanged wi th  

the surroundings are a t  least two-space-dimensional. However, a major 

d i f f h d t y  usua l ly  arises i n  analyzing the performance of these r e a c t o r s  

because the set of p a r t i a l  d i f f e r e n t i a l  equat ions descr ib ing  the system 

are a l l  h ighly  nonl inear  and coupled. From p a s t  experience (14) i t  has  

been demonstrated t h a t  f o r  a s teady-s ta te  opera t ion ,  s imula t ion  of t h i s  

type  of dis t r ibuted-parameter  system is  f e a s i b l e  using d i g i t a l  computers, 

bu t  a cons iderable  amount of computation t i m e  and e f f o r t  is requi red  

be fo re  any r e s u l t s  can b e  obtained.  

ope ra t ion  i s  removed, the chemical r e a c t o r  dynamics now involve  three 

independent v a r i a b l e s ,  two of space and one of t i m e .  Unfortunately,  

t h e r e  has  no t  been a success fu l  result repor ted  on t h i s  problem. 

previous chapters  w e  have shown the supe r io r  p o t e n t i a l  of t h e  hybrid 

method i n  so lv ing  p a r t i a l  d i f f e r e n t i a l  equat ions.  

When t h e  assumption of s t eady- s t a t e  

In  t h e  

Despi te  some d i f f i -  

c u l t i e s  i n  implementation and inaccurac ies  of hardware components, i t  

appears  t o  b e  t h e  most at tractive approach a v a i l a b l e  t o  d a t e  f o r  t a c k l i n g  

such a h igh ly  nonl inear  coupled system. 

Consider a homogeneous tu rbu len t  f low tubu la r  r e a c t o r  w i th  heat 

t r a n s f e r  from the w a l l  of the r e a c t o r  as shown i n  Figure  5.1. 
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I 
L x- 

I 
0 

Figure 5.1 Two-Dimensional, Non-Isothermal Tubular Reactor 

A complete mathematical description of this reacting system leads to a 

system of nonlinear partial differential equations which consists of 

momentum, energy, and material balances. Following the previous work 

the velocity and eddy diffusivity profiles are developed by the direct 

numerical integration of Deissler's analogy to the boundary layer zone 

and of the Prandtl-von Karman mixing length theory to the turbulent 

core (14). The general form for this relationship may be expressed as 

du 
dY 

'Tgc = -(p + PE) - 

where T : Shear 

: gravitational constant 
gc 

p : viscosity 

p : density 

E : eddy diffusivity of momentum 

u : velocity 

y : radial distance 
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The same analogy i s  a l s o  assumed t o  e x i s t  f o r  energy and material 

transfer. 

problem i s  reduced t o  one cons i s t ing  o f  two simultaneous p a r t i a l  d i f -  

ferential equat ions f o r  the conservat ion of energy and matter. Since 

the primary o b j e c t i v e  of this r e sea rch  i s  t o  explore  the f e a s i b i l i t y  of 

the hybr id  computing system i n  so lv ing  p a r t i a l  d i f f e r e n t i a l  equat ions,  

the method which w a s  used t o  eva lua te  the v e l o c i t y  and eddy d i f f u s i v i t y  

p r o f i l e s  i s  b r i e f l y  d iscussed  i n  Appendix G and w i l l  no t  be  e labora ted  

here again.  

found elsewhere (14). 

I f  the v e l o c i t y  and eddy d i f f u s i v i t y  can be ca l cu la t ed ,  t h e  

The d e t a i l e d  d i scuss ions  of f l u i d  flow problems can b e  

5.1 Energy Balance 

Heat t r a n s f e r  i n  a tubu la r  f low chemical r e a c t o r  may b e  expressed 

by 

I I 

(5.2) 
aT RAH = Cpp aT 

ax 

By making v a r i a b l e  s u b s t i t u t i o n s  

the above equat ion i s  transformed i n t o  equat ion (5.3) f o r  a system wi th  

a s imple  f i r s t  o rder  r e a c t i o n  

’ aT 
H(T)f = 4 - at 

r 
(5.3) 
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GC L 
P where P e i  = - 
K,, 

(Longitudinal P e c l e t  number f o r  heat t r a n s f e r )  
A 

GC R2 
P Pei = - K L  r (Radial Peclet number f o r  heat t r a n s f e r )  

Lbw(cco (where K = A , Arrhenius type  ra te  H(T) = T GC C C 

cons t an t )  W P  

w i t h  T = T ( z , r , t )  

z E (0,U 

r 6 (0,U 

Tw = t ube  w a l l  temperature 

And the fol lowing i n i t i a l  and boundary condi t ions:  

TO T(z,r,O) = 

TO T(O,r , t )  = 

aT - (l,r,t) = 0 az 

(constant i n l e t  temperature) 

aT - ( 2 , O . t )  = 0 ar 

where h = t ube  w a l l  heat transfer f u n c t i o n a l i t y .  

(5.4) 

D i s c r e t i z i n g  the r and t components w i t h  a most s i m p l i f i e d  

assumption that  Pel remains cons t an t  a long the cons tan t  r a d i a l  l i n e  

( ax ia l  d i r e c t i o n ) ,  Equation (5.3) may be  transformed i n t o  the fol lowing 

z 
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express  i o n  

P e i  T - " - H(T)f = Pe' - -  dT 
2 z dz 

-- 
A t  

d2T 

dz 
(5.5) 

where $ can b e  obtained from the previous time s t e p  similar t o  that  

in equa t ion  (4.16). Equation (5.5) i s  a non l inea r  equat ion,  and is  

coupled through the term H(T)f 

w i l l  be  d i scussed  later.  

In o r d e r  that  the decomposition method may b e  app l i ed  t o  this  

non l inea r  problem, it is necessary t o  use a success ive  l i n e a r i z a t i o n  

technique. A l i n e a r  ope ra to r  L( ) is developed, whose c o e f f i c i e n t s  

are f u n c t i o n s  of t h e  s o l u t i o n  a t  the preceding t i m e  s t e p  

wi th  t h e  material ba l ance  equat ion which 

i. 

' 4 + H(T)if Pet  ~ - . P e r  - T = dT 
2 z dz 

d2T 

dz z A t  L(T) = - - 

Iterative procedure i s  then  used t o  update H(T)i u n t i l  convergence 

has  achieved (two s t e p s  are s u f f i c i e n t  i n  most cases). 

By decomposing L( ), w e  have 

d2 l d  P e i  
PeZ dz - L ( )  = - -  2 . dz 

- - 

i d e n t i f y i n g  each 

d -- d2 (A + A ) - + A h  
2 B .  F d z .  ' F B  dz 

t e r m  l e a d s  t o  the expressions:  
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I n  

P e i  - hetL Z + 4Pel  $/At - 
. AF - 2 

(5.8) 

Note. that (5.8) does n o t  apply t o  the case when r = 1, since Pe' = 0. z 
Then a p a r t i c u l a r  s o l u t i o n  i s  obtained by: 

(5.9) 
d 

(1) LB[x(z)] = x - XBx = 4 + H(T)f = y(z) 

To f i n d  a g e n e r a l  s o l u t i o n  

T(z) = a T1(z) 4- b T2(z) + T ( z )  
3 

apply t h e  boundary cond i t ions  

T(0) = To 

dT 
dz ,--(l) = 0 

l e a d i n g  t o  t h e  fol lowing r e l a t i o n s  

a TI@) + b T2(0) + T3(0) = T 
0 

a. ABT1(l) + b, AFT2(1) + AFT3(l) + ~(1) = 0 

(5.11) 

(5.12) 

(5.13) 
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Since w e  know: 

T1(l) = 1, T2(0) = 1, T3(0) = 0 and 

x(1) = 0 

these simplify the re lat ions t o  

a T1(0) -I- b = To 

(5.14) 
a AB + b hFT2(1) -I- AFT3(1) = 0 

Solving th i s  re la t ion w e  get for  a and b: 

(5.15) 
b = To - a T1(0) 

i The general term of RT can be expressed as: 

Pe; i 

Per 
4 = -7 [PTn+l + ( Q  

where 

2n-I-1 

2nAr 
p = -  

- 2  

2 Q = -2/br 

(5.16) 

2n-1 s = -  
2nAr2 



94 

P a r t i c u l a r  cases:  

I) A t  the cen te r  l i n e  where r = 0,  the above expressions may b e  

reduced t o  

S = P  2 4 
hr 

Q = - - -  
2 ’  2 ’  

h r  

2) A t  r = 1 (the w a l l  l i n e ) ,  w i th  

- -  dT - h(1 - T) ,  f o r  hea t ing  
d r  

Mult iply equat ion  (5 .3)  by P e r  t o  ob ta in  z 

- a2T + $[ 2 a2T + 1 .;] aT - Pe i  H(T)f = Pe; 4 - aT  
a t  az r 

(5.17) 

(5.18) 

Since u = 0 a t  t h e  w a l l ,  us ing  (5.17) equat ion  (5.18) may b e  r e w r i t t e n  

as 

aT 
at 

2 2 

az ar 
5 + V [ 9 + h ( l  - T) ] - Wf = X - 

n 

r where V = - e 

L‘K 

2 L AH Co 
Kc Kx Tw 

W =  

(5.19) 
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applying DSDT i n  r and t domains l e a d s  t o  

- -  dLT n (Vh  + K ) T ~  X = % i + Wf 2 dz 

- V  h + -  
w i t h  

A r  A r  ( A:2) 

we  a l s o  o b t a i n  f o r  r = 1 that, 

(5.20) 

(5.21) 

(5.22) 

5.2 Material Balance 

The expres s ion  f o r  mass t r a n s f e r  i n  a t u b u l a r  r e a c t o r  accompanied 

by h e a t  t r a n s f e r  is i d e n t i c a l  t o  t h a t  of a n  i so the rma l  r e a c t o r  except 

t h a t  t h e  r e a c t i o n  term now becomes a space dependent v a r i a b l e  r a t h e r  

t han  a cons t an t  as i n  t h e  isothermal  problem. 

R e w r i t e  equat ion (4.13) t o  give:  

L where 8CT) = ; Kc(T) 

The i n i t i a l  and boundary cond i t ions  are e s s e n t i a l l y  the same as that 

of the i so the rma l  case which are descr ibed by equat ion (4.14). Here w e  
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can see that equat ions (5.3) and (5.23) are coupled through the r e a c t i o n  

and heat gene ra t ion  terms s(T)f and H(T)f. Equation (5.23) is  l i n e a r  

in f .  Applying the CSDSDT approach, w e  o b t a i n  

n 

i 
g W f  = Rf 

df 
2 z adz Pe - -  d" f 

dz 
-- (5.24) 

where g(z) i s  unknown func t ion  of T, and w i l l  b e  evaluated a f t e r  

each i t e r a t i o n  of the evergy ba lance  is  performed. 

I d e n t i f i c a t i o n  of the decomposed equa t ion  g ives  

(5.25) 

Equation 

which is  

wi th  

For 

where 

(5.25) l e a d s  ' to  t h e  Riccat i  equat ion of the fol lowing form 

(5.26) 

s t a b l e  when i n t e g r a t e d  from z = 1 to 0 

r = 1; w e  can o b t a i n  the same expres s ion  from equa t ion  (4.32) 

9 
i - -  dLf g(z)f  I Rf 

2 dz 

X 
A t  g(z> = W(x) + - 

(5.27) 
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The corresponding R i c c a t i  equa t ion  f o r  r = 1 is 

w i t h  

(5.28) 

(5.29) 

The s o l u t i o n  of t h e  m a s s  t r a n s f e r  equat ion i s  obtained by i n t e g r a t i n g  

t h e  fol lowing two f i r s t  o rder  equat ions:  

(1) Backward simultaneous i n t e g r a t i o n  of the R i c c a t i  equa t ion  and 

w i t h  the i n i t i a l  condi t ions  x(1) = 0 

h F ( l )  = 0 

and t h e  r e l a t i o n  , hB(z) = PeZ - h F ( z )  

(2) Forward i n t e g r a t i o n  of 

PeZ + x(0) w i t h  f o r  r # 1 f(o)  = Pe - ~ ~ ( 0 )  
2 '  

(5.31) 

and f(0) 1 f o r  r = 1 
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5.3 Complete Simulat ion Procedure 

Based on the foregoing developments the i n t e g r a t i o n  procedure for 

a complete time-step of these coupled heat and m a s s  t r a n s f e r  equat ions 

can b e  summarized as fol lows:  

Begin w i t h  the energy ba lance  equat ion,  since the eigenvalues  .are 

space  independent.  F i r s t ,  w e  o b t a i n  the two elementary s o l u t i o n s  

T1(z) and T (2) on the d i g i t a l  computer. 2 

I n t e g r a t e  on the analog computer the two s t a b l e  equat ions  w i t h  the 

assumed valued f o r  H ( t ) f  t o  o b t a i n  T3(z). 

D i g i t a l l y  compute a and b by the a p p l i c a t i o n  of the boundary 

cond i t ions .  

Compute the gene ra l  s o l u t i o n  f o r  the temperature  

T(z) = aTl(z) + bT2(z) + T ( z )  3 

on the d i g i t a l  computer. 

Then start the material ba lance  equat ion;  d i g i t a l l y  compute g(z) 

u s i n g  the r e s u l t s  from s t e p  4 .  

I n t e g r a t e  the Riccat i  equat ion  w i t h  A F ( l )  = 0 t o  o b t a i n  AF(z) 

and A (2) on the analog computer and s t o r e  these va lues  i n  the 

d i g i t a l  memory, 

Backward i n t e g r a t i o n  (concurrent w i t h  s t e p  6) of 

B 

wi th  x(1) = 0 on the analog computer. 
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8) D i g i t a l l y  compute the i n i t i a l  va lue  f(0). 

9) Forward i n t e g r a t i o n  of the mass t r a n s f e r  s o l u t i o n  equat ion  

- I  

dz 

on the analog computer. 

10)  Check convergence of T(z) and f(z), i f  not, then update  H(T)f 

va lues  and r e t u r n  t o  s t e p  2. 

ad j acen t  r a d i a l  increment. 

I f  converged,then, s t e p  t o  t h e  nex t  

The s i m p l i f i e d  b lock  diagram of the above procedure is  i l l u s t r a t e d  

i n  Figure  5.3.1. 
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E- i i 
D Compute RT(z) and Rf(z) 

x(1) = 0 

T 3 ( 0 )  = 0 

- 

i 

from next page 

D 

t, z Compute [H(T) f Iz 

I n t e g r a t e  and s t o r e :  

- -  dx A x = R t  -I- H(T)f dz B 

I n t e g r a t e  and s t o r e  

- -  dT3 AFT3 = x dz 

I Compute a and ;(z) 
Compute and s t o r e  

I Compute g(z) I ' D  

t o  next page 

D 

A 

A 

D 

from next  page 

' F i g u r e  5.3.1 H e a t  and Piass Balance Computing 
Sequence Block Diagram 
(computing f u n c t i o n s  are i n d i c a t e d  by: 

A = analog,  D = d i g i t a l )  
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Compute f(0) - 

. from previous page 

Q 

D 

Backward integrate 
dhF 
dz - ODF' gCz)l - -  

i - -  dx - X x + R f  
dz B 

Forward integrate 
to previous page 

. 1 

Step radial increment 
i 

Q AFf + x(2) df I d z =  

A 

to previous page 

A 

I Check f(z) and T ( z )  
Not converge + 

converged 1 

1 

Step time increment 

t = t + A t  

d7 

Figure 5.3.1 (Cont*d.) 
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The o v e r a l l  hybr id  s imula t ion  procedure may b e  summarized i n  the 

f ollow+xg f i g u r e .  

r 

I n t e g r a t i o n  of 
h e a t  and m a s s  t r a n s f e r  - 
equat ions  

- - 
L 

Check T and f 
not converge 

converged 
a 

Step  r a d i a l  p o s i t i o n  
n = n + l  

completion of r a d i a l  increments I 
go t o  next  t i m e  s t e p  I t = t + A t  

F igu re  5.3.2 Overa l l  Computing Schedule 
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L t  .is important t o  po in t  out  that ou r  preceding d i s c u s s i o n  is  based 

on the cons tan t  v e l o c i t y  and eddy d i f f u s i v i t y  p r o f i l e s .  However, this 

is n o t  t r u e  e s p e c i a l l y  f o r  the case i n  which a n o t a b l e  volume change 

would occur as a r e s u l t  from the r e a c t i o n .  Under this cond i t ion  i t  i s  

necessary t o  r e fo rmula t e  the decomposed i n d i v i d u a l  linear f i r s t  o r d e r  

ope ra to r ,  since the P e c l e t  numbers are no longe r  constant  a long t h e  z 

axis. 

and eddy d i f f u s i v i t y  p r o f i l e s  w i l l  b e  required.  

In  a d d i t i o n ,  w i t h i n  each t i m e  s t e p  convergence of the v e l o c i t y  

To demonstrate t h e  method of s o l u t i o n ,  aga in  w e  chose t h e  example 

TW , problem descr ibed i n  Appendix F .  

is assumed. 

The cons t an t  w a l l  temperature,  

The r e a c t o r  a t  i ts  i n i t i a l  state is  supposed t o  have zero 

concen t r a t ion  of t h e  r e a c t a n t  A and w i t h  a uniform temperature (equals 

t o  the i n p u t  temperature,  

r e a c t o r  tube.  A t  t i m e  zero a s t e p  i n p u t  i s  introduced, and a cons t an t  

w a l l  temperature  provides  h e a t i n g  o r  cool ing depending on whether t h e  

r e a c t i o n  is an endothermic o r  exthothermic type.  

To> throughout t h e  e n t i r e  l e n g t h  of t h e  

' 

With a s i m p l i f i e d  assumption which does n o t  r e q u i r e  the reeva lua t ion  

o f  t h e  v e l o c i t y  and eddy d i f f u s i v i t y  p r o f i l e s ,  t h e  fol lowing t a b l e  shows 

approximately the extent of t h e  r equ i r ed  hybrid computer hardware o t h e r  

than t h e  d i g i t a l  computer f o r  th is  p a r t i c u l a r  case s tudy.  

The complete d e t a i l s  p e r t a i n i n g  t o  the hybr id  computing procedure 

f o r  this case s tudy  are shown i n  Appendix G. 
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Table 5.3 Hybrid Hardware Requirements 
f o r  Energy and Material Balance 

Hardware 
Comp o n a t  s Energy Balance Material Balance To ta l  

DAG 4 
ADC 4 
Mu1 t i p  1 ier  

I n t e g r a t o r  4 
SummerlInvertor 8 

Servoset  Pot .  7 

- 

Sample Hold Amp. - 

11 

6 
4 

15 

10 

4 
6 10 

11 19 

3 10 

4 4 

c 

The a c t u a l  transient r e s u l t s  up t o  the second t ime s t e p  are shown 

i n  the Figures  5.3.3 through 5.3.7. No s i g n i f i c a n t  d i f f e r e n c e  i s  found 

i n  the concent ra t ion  curves comparing t o  the r e s u l t  from t h e  i so thermal  

case, however, t h e  temperature p r o f i l e s  e x h i b i t  some i n t e r e s t i n g  r e s u l t s .  

The r e s u l t  of the f i r s t  time s t e p  shows t h e  temperature curves (other 

than  the w a l l  l i n e )  a c t u a l l y  went down f o r  a whi le  because an endothermic 

r e a c t i o n  w a s  t a k i n g p l a c e  i n  th i s  tubu la r  r e a c t o r .  And t h e  temperatures  

are lower the more the lines are c l o s e r  t o  the w a l l ,  because w e  can 

v i s u a l i z e  from the concent ra t ion  curves that in f a c t  more r e a c t i o n  has 

occurred toward the w a l l .  In the next time s t e p  (Figure.5.3.51, the 

relative p o s i t i o n s  of the temperature  lines now begin  t o  move, f o r  

example, curve 8 ,  which i s  the nearest line t o  the w a l l ,  is showing t h e  

hea t ing  e f f e c t  from t h e  w a l l  and i s  moving upward. The hybrid s imula t ion  
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was  d i s c o n t h u e d  a f t e r  the second time increment because of the e r r o r s  

from the w a l l  line (curve 92 become unbearable  t o  f u r t h e r  produce any 

ueaningful  r e s u l t .  me analog s e a l i n g  f o r  the w a l l  line l eads  t o  ex- 

tremely high analog loop ga in  which n o t  only can reduce the accurac ies  

of the analog r e s u l t s  b u t  the moderate n o i s e  may even become a d i s a s t e r .  

Transient concent ra t ion  p r o f i l e s  (Figures 5.3.4, 5.3.6 and Figures  

F-3, F-4) show s i g n i f i c a n t  d i f f e r e n c e s  between the non-isothermal and 

i so thermal  cases, a l though material ba l ance  equat ions have the same 

parameters except i n  the r e a c t i o n  term of the non-isothermal case. 
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CHAPTER 6 

CONCLUDING REMARKS 

Ln the previous chap te r s ,  we  have s t u d i e d  the a p p l i c a t i o n  of hybr id  

techniques t o  b o t h  the s t e a d y - s t a t e  and the unsteady-state  s o l u t i o n s  of 

the t u b u l a r  f low chemical r e a c t o r .  A problem in one space-dimension w a s  

first examined t o  e s t a b l i s h  the b a s i s  f o r  problems i n  t h e  two-space 

dimensions. In the s t eady- s t a t e  case, a hybrid s o l u t i o n  us ing  the 

classical approach w a s  obtained without  d i f f i c u l t y  a t  the rate  of approx- 

imately 15 mi l l i s econds  (including I C ,  OP and Hold pe r iods )  p e r  i t e r a t i o n .  

On the o t h e r  hand, s t a b i l i t y  d i f f i c u l t i e s  were encountered i n  s o l v i n g  

the unsteady-state  problem w i t h  t h e  classical  CSDT formulat ion.  Among 

the p o s s i b l e  non-c l a s s i ca l  approaches, t h e  serial decomposition method 

w a s  judged t o  b e  the most economical approach w i t h  t h e  least complexity 

involved i n  t h e  computational problems. Most important of a l l ,  t h e  de- 

composition method y i e l d s  a one pass  s o l u t i o n  f o r  t h e  l i nea r  boundary 

v a l u e  equa t ions ,  whereas i terat ive s o l u t i o n  techniques g e n e r a l l y  l e a d  

t o  numerical  d i f f i c u l t i e s  due t o  inhe ren t  analog component inaccuracies. 

Perhaps t h i s  problem of component inaccuracy a s soc ia t ed  wi th  t h e  

va r ious  e r r o r s  introduced by t h e  involvement of i n t e r f a c i n g  equipment 

is by far  the most s e r i o u s  d i f f i c u l t i e s  one has t o  f a c e  i n  the hybr id  

computations. From o u r  experience,  the most probable  e r r o r s  normally 

occur a t  b o t h  ends of  t h e  d a t a  sequence be ing  t r ansmi t t ed .  Unfortunately,  

t o  s o l v e  the boundary va lue  problem w i t h  the decomposition process ,  the 

gene ra l  s o l u t i o n  i s  c a l c u l a t e d  based on the r e s u l t s  obtained from these 
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two terminal va lues .  For example, the expression of gene ra l  s o l u t i o n  

y is y = ayl + by2 + y3. Both y and y are time independent 

exponen t i a l  f u n c t i o n s ,  any s i g n i f i c a n t  e r r o r  i n  e i t h e r  a o r  b w i l l  

r e s u l t  e r r o r  i n  the exponen t i a l  o rde r ,  This is shown in the fol lowing 

1 2 

f i g u r e .  

uns ca l ed  

Erroneous r e s u l t  

1 z -  0 '  

By examining the f inal  apparent  s t eady  state va lues  obtained from 

the case s t u d i e s  f o r  d i f f e r e n t  time increment, a A t  ( r e f e r  t o  Table 

E-12, w e  can immediately come t o  a conclusion that the dev ia t ions  of 

the p red ic t ed  hybrid va lues  from the t r u e  s t e a d y - s t a t e  s o l u t i o n s  are 

inversely p ropor t iona l  t o  the magnitude of  the time increment, aAt, 

w h i c h  seems c o n t r a d i c t o r y  t o  the b a s i c  assumption of the d i f f e r e n c e  

approximation p rocess .  This is  mainly due t o  the inaccurac i e s  that 



118 

exist i n  the o v e r a l l  hybr id  loop. S ince  the smaller time increment w i l l  

r e s u l t  a h ighe r  gain i n  the analog loop, i t  w i l l  a l s o  r e q u i r e  more s t e p s  

o r  success ive  c a l c u l a t i o n s  t o  reach the s t eady- s t a t e ,  hence, the e r r o r  

could a l s o  b e  magnified by summation over  a l a r g e r  number of i t e r a t i o n s .  

Su l l ivan ,  Bot t  and Gay c20) who used the same hybr id  computing instal- 

l a t i o n  i n  their pre l iminary  search f o r  the p a r t i a l  d i f f e r e n t i a l  equat ion  

s o l u t i o n s  repor ted  that their f i n a l  s teady-s ta te  hybrid va lues  were 

c o n s i s t e n t l y  h ighe r  than the d i g i t a l  va lues .  

r epor t ed  a similar experience.  They concluded t h a t  t h i s  was  

l i k e l y  due t o  d i g i t a l / a n a l o g  conversions n o t  be ing  t r a n s f e r r e d  t o  the 

analog a t  the p r e c i s e  p o i n t  in the s o l u t i o n  a t  which i t  was  prev ious ly  

generated.  

analog playback func t ion  advanced i n  t i m e  by one-half t h e  sampling 

per iod ,  Hsu and Howe w e r e  a b l e  t o  compensate t h e  r e s u l t  f o r  the average 

t i m e  delay,  except  tha t  the hybr id  method used w a s  a DSCT method 

i n s t e a d  of t h e  CSDT. However, t h i s  adjustment i n  synchroniza t ion  

exe r t ed  l i t t l e  o r  no e f f e c t  on t h e  r e s u l t s  of t h e  decomposition method, 

since the i n t e g r a t i o n s  are c a r r i e d  t w i c e  over the reversed d i r e c t i o n s .  

As a matter of f a c t ,  the  e r r o r s  i n  the hybr id  computation c o n s i s t  

Hsu and Howe (10) a l s o  

With the same zero-order e x t r a p o l a t i o n  and t h e  d i g i t a l  t o  

of many complex components. Vichnevetsky and Tomalesky (29) con t r ibu ted  

a very i n t e r e s t i n g  e r r o r  a n a l y s i s  based on  the f i r s t  o rde r  c o r r e c t i o n  of 

the CSDT approximation. 

CSDT approach t o  the s imple  f l u i d  t r a n s p o r t  equat ion  

By us ing  the Taylor  S e r i e s  expansion and the 

-I aY a t  ax - V 2 +  D 7 a2Y 
ax 
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t o  y i e l d  the express ion  

"2 E .  . .  
a Y  aY 2 
a t  ax - = -V - + (0 - 1 / 2 ) V  A t  D %+ .... 

ax ax 

and 

e r r o r  which had the e f f e c t  o f  "dispersing" the s o l u t i o n  

they concluded that the approximation method introduced a t r u n c a t i o n  

y by a d i f fus ion -  

l ike  term: 

in a d d i t i o n  t o  the a c t u a l  d i f f u s i o n  t e r m  D. By a d j u s t i n g  6 and A t  

an "exact" s o l u t i o n  can b e  obtained.  

Now, from the pure ly  d i g i t a l  r e s u l t s  t abu la t ed  here f o r  R = 1 and . n  

n = l  

1 0.8388 0.6404 
2 0.9001 0.6289 
5 0.9547 0.6164 

500 0.9995 0.6036 

VL where U = - 2D 

there seem no conclus ive  r e l a t i o n  e x i s t i n g  between th i s  t a b l e  and the 

va lues  i n  Table E-1. I f  the truncation-induced d i f fus ior ,  e f f e c t  is  t o  

b e  the major f a c t o r  one would expect  that the t r end  i n  

i n  Table  E-1 should appear  i n  the reversed order .  

y(1) va lues  

Now, i f  w e  take i n t o  account the r e a c t i o n  term and r e p e a t  the 

previous  a n a l y s i s ,  we have 



where the d i f f u s i o n  term has been temporar i ly  neglected.  

The CSDT approximation of the above equat ion  i s  

i+l i i 
A t  -' = - [ e @  $4- Ryi+') + cl - 0 )  (V $+ Ryi)] ( -6 .4)  

by expressing the ind iv idua l  terms i n  a Taylor series around the po in t  

i Y w: 

+ .... i+l = y i i + $ . A t + - . -  aZyi A t 2  
2 2 Y 

a t  

- ayi a2yi 
dx ax ax axat 

i+1 
-3.- A t  + .... - - - -  dyi+' - a Y  

Upon s u b s t i t u t i o n  of these expressions and omi t t ing  t h e  index 

have t h e  CSDT approximation i n  t h e  fol lowing form: 

i, w e  

aY 2,- A t 2  + ... = - { e [ V ( $ + w  a2Y A t  + ... ) + 
2 2  -+  

a t  a t  

S ince  w e  have f o r  the exact s o l u t i o n  

which y i e l d s  



and 

a Y  2 
ax 

'2 2 - -  a y  - V 2 q + 2 V R - + R y  
ax 2 a t  

C6..9) 

Thus, aga in  a f t e r  s u b s t i t u t i n g  these r e l a t i o n s  w e  ob ta in :  

a Y  
2 - = -V - Ry + (0 - 1/2)AtV2 + 2(8 - 1/2)AtVR 

ax ax a t  

(6 .IO> 2 + (0 - 1/2)Atfi  y + .... 

By the i d e n t i f i c a t i o n  of the equat ions ,  w e  f i n d  t h a t  n o t  only does there 

exist an induced d i f f u s i o n  e f f e c t ,  b u t  convect ion-l ike and r eac t ion - l ike  

terms have a l s o  appeared. The va lue  of 0 has  an  important i n f luence  

on the s t a b i l i t y  of t h e  CSDT approximation. 

When the ser ia l  method of hybrid i n t e g r a t i o n  i s  appl ied  t o  problems 

i n  more than  one space dimension, p a r t i a l  d e r i v a t i v e s  o t h e r  than  those  

i n  t h e  space  coord ina te  along which continuous i n t e g r a t i o n  takes p l a c e  

must b e  replaced by an approximation. 

In two-space dimension problems, the a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  

method proposed i n  Sec t ion  4.1.1 w i l l  n o t  r e q u i r e  the approximation in 

the second space  coordinate .  However, the r e s u l t i n g  f i r s t  o rde r  equat ions 

may not  always s a t i s f y  the s p e c i f i e d  boundary condi t ions .  

perhaps a method o t h e r  than the decomposition technique should b e  

recommended (9).  

For this case, 
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Various approaches have been suggested . .  f o r  t h e  approximation i n  

the second s p a c e  coordinate:  

1. The f i n i t e  d i f f e r e n c e  expres s ion  CCSDSDT) as we have employed i n  

this work (Section 4.1.2). 

2. Func t iona l  approximation by us ing  the Ri t z -Ga le rk in  approach (30) 

o r ,  elsewhere c a l l e d  the modal technique (26,271 r ep laces  the p a r t i a l  

d e r i v a t i v e s  in the second coord ina te  with p resc r ibed  func t ions  of 

the modes i n  the second space  coordinate .  For instance, one may 

reduce  the fol lowing equat ion 

H 9 
- a Y  = D ( ~ + - + - - ) + R y  aLY aLY I ay 

ar a t  2 r a r  

w i t h  t h e  r a d i a l  modes: 

which l e a d s  t o  the eigenvalue problem: 

By o b t a i n i n g  A w e  o b t a i n  
. nr’ 

(6.11) 

(6.12) 

(6.13) 

(6.14) 

n = 1 ,2 ,  ..., N 
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which i s  a set of N ord ina ry  d i f f e r e n t i a l  equat ions i n  the z- 

coord ina te ,  which can b e  i n t e g r a t e d  us ing  the CSDT approach. 

the gene ra l  a p p l i c a t i o n ,  however, this l a t t e r  method i s  complicated 

b y  the d i f f i c u l t i e s  of mathematical formulation. 

Desp i t e  the inaccurac i e s  e x i s t i n g  i n  hybrid computation, the r e s u l t s  

of the i so the rma l  two-space dimensional problem e x h i b i t  the s t a b l e  n a t u r e  

of the decomposition technique as w e l l  as the f a n t a s t i c  speed of t h e  

hybr id  computer s o l u t i o n .  

has been the main drawback of t h e  analog computation. 

problem u s u a l l y  occurs  a t  the p l a c e  where most a c c u r a t e  r e s u l t s  are 

needed. 

of the s i g n i f i c a n t  t r a n s p o r t  processes  take p l a c e  i n  t h e  laminar  boundary 

l a y e r ,  analog s c a l i n g  poses s i g n i f i c a n t  problems due t o  h igh  ga in  

requirements.  

s o l v e  the t u b u l a r  r e a c t o r  problem i n  two-space dimensions. 

I n  

There s t i l l  remains the s c a l i n g  problem which 

This most unwanted 

For example, i n  a t u r b u l e n t  flow t u b u l a r  r e a c t o r ,  where most 

W e  must cope w i t h  t h i s  d i f f i c u l t y  as long as w e  a t tempt  t o  

In  t h e  non-isothermal t u b u l a r  r e a c t o r  s imula t ion  t h e  problems are 

b a s i c a l l y  i d e n t i c a l  t o  those i n  t h e  isothermal  case. However, t h e  in-  

c r eased  non- l inea r i ty  and t h e  coupling of two equat ions probably develops 

more inaccurac i e s  and perhaps w i l l  gene ra t e  a d d i t i o n a l  s t a b i l i t y  problems. 

This i s  where f u t u r e  work should b e  concentrated.  

In summary, i n  o r d e r  t o  determine t h e  v a l i d i t y  of the hybrid computation 

va r ious  sources  of e r r o r s  should b e  c a r e f u l l y  examined. T h e o r e t i c a l l y ,  the 

i n t e g r a t i o n  should b e  a b l e  t o  b e  conducted in  a matter of one o r  two 

mi l l i s econds ,  however, i t  i s  still  l i m i t e d  by the hardware problem. 

Although the non-linear equat ions have no t  been explored i n  depth,  a 
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s u c c e s s i v e  l i n e a r i z a t i o n  approach w i t h i n  the decomposition method 

descr ibed in Chapter 5 seems t o  behave r a t h e r  w e l l  in our  example run. 

Kith the non-linear components involved, such as the analog m u l t i p l i e r s ,  

the n o i s e  e f f e c t  sometimes may become very c r i t i ca l .  

In the p rev ious  work C14) the example problem used was a homogeneous 

gas  phase f i r s t  o r d e r  decomposition of S02C12 t o  SO and C12 i n  a 

t u b u l a r  r e a c t o r  and had the following boundary condi t ions:  

2 

1. Constant w a l l  temperature 

2. Constant temperature and concen t r a t ion  a t  the i n l e t .  

3.  Vanishing l o n g i t u d i n a l  g r a d i e n t s  a t  the o u t l e t .  

4. A f i n i t e  r a d i a l  concen t r a t ion  g r a d i e n t  a t  the w a l l .  

The s t e a d y - s t a t e  s o l u t i o n  was  attempted on the d i g i t a l  computer. 

Although f i n a l  convergence w a s  no t  reached i n  the previous s tudy,  the 

r e s u l t s  i n d i c a t e d  t h a t ' t h e  c o n t r i b u t i o n  of the boundary l a y e r  i n  this  

r e a c t i n g  system w a s  more important than that ob ta ined  by a mere supe r -pos i t i on  

of  i n d i v i d u a l  h e a t  and m a s s  t r a n s f e r  phenomena onto t h e  chemical r e a c t i o n  

process .  The hybr id  s imula t ion  of the non-isothermal case i n  t h i s  work, 

employed a n  almost i d e n t i c a l  example, s t r o n g l y  suppor t ing  t h e  foregoing 

conclusion,  though t h e  boundary cond i t ions  and t h e  space-increment s i z e s  

may b e  somewhat d i f f e r e n t .  

The e f f e c t  of the thermal cond i t ions  upon the r e a c t i n g  system w a s  

c l e a r l y  i l l u s t r a t e d  by the concen t r a t ion  p r o f i l e s  of the i so the rma l  

and non-isothermal cases. *en the r e a c t i o n  is endothermic, the 

v e l o c i t y  and temperature  p r o f i l e s  work t o g e t h e r  t o  cause more r a d i a l  t r ans -  

p o r t  of matter as shown i n  the non-isothermal p r o f i l e s ,  w h i l e  i n  t h e  
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isothermal. case the r a d i a l  concent ra t ion  p r o f i l e s  are indeed f l a t t e r .  

For the exothermic r e a c t i o n  i t  was found that the lower v e l o c i t y  near 

the w a l l  tended t o  f l a t t e n  the concent ra t ion  p r o f i l e .  

The most important  a p p l i c a t i o n  of this CSDT hybr id  approach, although 

no t  y e t  f u l l y  r e a l i z e d ,  appears  t o  b e  i n  the s e n s i t i v i t y  and s t a b i l i t y  

a n a l y s i s  of t ubu la r  r e a c t o r  systems. These problems can b e  very  time- 

consuming on the d i g i t a l  computer and usua l ly  r e q u i r e  very s m a l l  time 

s t e p s  and space  increments i n  order  t o  be  a b l e  t o  p inpoin t  the p r e c i s e  

t r a n s i t i o n  which might l e a d  t o  some m u l t i p l e  equi l ibr ium states. 

serial hybrid decomposition method i l l u s t r a t e d  throughout t h i s  work i s  

continuous a t  least i n  one space  coord ina te  and permits  s m a l l  time 

increments as long as the analog c i r c u i t  s c a l i n g  w i l l  accept  it. The 

immediate problem s t i l l  rests on the r e l i a b i l i t y  and accuracy of t h e  hard.- 

ware components and the i n t e r f a c i n g  equipment. Unless these can be  

s a t i s f i e d ,  the hybrid computer s o l u t i o n  of the p a r t i a l  d i f f e r e n t i a l  

equat ions i s  a f r u s t r a t i n g  task. 

The 
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APPENDIX A 

Finite Difference Solutions of the Steady-State 

One Dimensional Isothermal Tubular Flow Reactor 

dY n 2U - - URny = O Equation : d2y - -  
2 . dz dz 

Boundary Condit+ons : 

z = o ;  - ay = 2U[yo+ - 13 dz 

Parameters: 

R = 0.2, I., 10. n 

U = 1, 2, 5, 500 

n = 1/4, 1/2, 1, 2, 3 

Legend : 

Curve 

4 -  500 
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APPENDIX B 

CSMP (21) P r e d i c t i o n  of the Steady-State 

So lu t ions  I n t e g r a t i n g  i n  the Forward Di rec t ion  

' In o r d e r  t o  show the d i f f i c u l t i e s  involved i n  the forward i n t e g r a -  

t i o n ,  two of the t y p i c a l  unsuccessful  r e s u l t s  corresponding t o  t h e  

curves A and B of  F igu re  2.1 are presented i n  t h e  fol lowing f i g u r e s .  

.* 
Equation: y - 2U$ - URnyn = 0 

Boundary cond i t ions :  

= 2U[y0+ - 11 ; x = 0 

i = o ;  x = l  

Legend : 

YY r e p r e s e n t s  y 

DYDX r e p r e s e n t s  9 
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f o r  1 / 4  Order Reaction, R = 0.2, U = 5.0 n 
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f o r  1 / 4  Order Reaction, R = l., U = 50. n 
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Steady-State Hybrid So lu t ion  of 
* *  
y'- 2U$ - URny = 0 
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In o rde r  t o  mechanize ou r  problem on t h e  analog computer, the 

o r i g i n a l  equat ion i s  rewritten as: 

b b  y = .  2U; + URny (1. = 0 t o  1) 

To conduct the i n t e g r a t i o n  i n  the reverse d i r e c t i o n  w e  simply invert t h e  

s i g n  of the t e r m  t o  o b t a i n  

(2 = 1 t o  0) .. y = -2uf + uRny 

One of t h e  advantages of i n v e r t i n g  d i r e c t i o n  i s  that the i n i t i a l  condi- 

t i o n  of t h e  f i r s t  d e r i v a t i v e  i s  f i x e d  a t  z = 1 (i.e., Yz,l = 0). 

Since t h e  dynamic range of t h e  v a r i a b l e s  i s  l i m i t e d  i n  the analog 

computation(-100 v o l t s  t o  4-100 v o l t s ) ,  t h e  maximum va lue  

has t o  b e  predetermined f o r  s c a l i n g  purposes. 

of each v a r i a b l e  

The est imated va lues  are: 

Then t h e ’ f o l l o w i n g  s c a l e d  equat ion i s  obtained 

UR n [&I = -2u [&I f 20 [Yl 

T h i s  g ives  the fol lowing mechanized analog diagram 
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I1 - 
1. 20 A/D-O 

A/D-1 l - ~ >  
, .A/D-2 

OP 

HD 

2u 
10 
- [ Y l o  

HD 

The i n i t i a l  va lue  of y a t  z = 1 is  fe t ched  through DAG0 from the 

d i g i t a l  program. 

and when i t  reaches 

sample y and f .  For this,  fol lowing l o g i c  diagram is  wired t o  syn- 

ch ron ize  the clock p u l s e  w i t h  the i n t e g r a t i o n  schedule  s o  that the 

sampling w i l l  b e  t r i g g e r e d  a t  the r i g h t  moment. 

The p r o f i l e  is sampled during the ope ra t ing  pe r iod ,  

z = 0 a s u f f i c i e n t  holding time i s  requ i r ed  t o  

A/D 

T imer  s t o p  

clock @--p A/ D Sync 
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. -  

When the t i m e r  i s  s t a r t e d ,  the fol lowing s i g n a l s  c o n t r o l  t h e  A/D opera- 

t ion.  

t- I C  4- OP - 1-H. I 
(1.91 m s )  (10 m s )  (3.41 m s )  

Operation w i t h  a 100 KC c lock  s i g n a l  and 1 mil l isecond ope ra t ing  pe r iod  

w a s  n o t  s u c c e s s f u l  due t o  i n s u f f i c i e n t  s e t t l i n g  t i m e  f o r  t h e  c a p a c i t o r s .  

Using t h e  boundary cond i t ion  a t  z = 0 and a t  z = 0 obtained 

from A/D - 0 w e  can c a l c u l a t e  y a t  z = 0: 

= "[&I + 1  
0 [Y 1 Ocalc. U ( s t ep  i n p u t )  

The i n i t i a l  cond i t ion  i s  simply up-dated by 

- 
i+l i [Y'O calc., '"0 measured 

[ Y I l  = [Yl, + 10 

Figure  C-1 d e p i c t s  t h e  d i g i t a l  a lgori thm which c o n t r o l s  t h e  e n t i r e  

hybrid process .  The d i g i t a l  program us ing  DAMPS:! and the Hybrid 

Executive i s  l i s t e d  i n  L i s t i n g  c. Tables C-1 and C-2 show the r e s u l t s  

obtained from t h e  fol lowing cond i t ions :  

u = 1  

R = 1  n 
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Timer : I C  = 1 . 9 1  msec. 

OP = 10 msec. 

€ID = 3.41 m s e c ,  

Capacitor : 0.01 mfd. 

Clock :. 10 KC 
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- 
Execute DAC, t r a n s f e r  I n i t i a l  * 

Condition t o  analog 

Build up CCWs 
S e t  Po t s  
S e t  Analog mode t o  ' IC '  

100 

I Guess i n i t i a l  boundary I v a l u e  [y] a t  z = 1 

- 
Compute 
Update [ y ] 1  f o r  I C  

[y l0  = [iIO/2u + 1 

- 

I lo 
Release timer c o n t r o l  

t o  'Operate  ' I 
Read o u t  A/D, g e t  [y] 
p r o f i l e  during 'OP I 

Read o u t  A/D, g e t  [y l0  and [?I, 
when t i m e r  reach 'Hold 

Figure C-1 Flow Chart f o r  t h e  D i g i t a l  P o r t i o n  
of the Steady-State Hybrid Simulation 
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Mathematically, f o r  th is  s imple system, t h e  exac t  s o l u t i o n  can b e  

obtained a n a l y t i c a l l y  w i t h  ve ry  l i t t l e  e f f o r t .  The gene ra l  s o l u t i o n  of 

may b e  expressed as 

A2z y = A e  + B e  

where two eigenvalues  are 

= U + h2 +URn A1 

= U -  r U + U R n  A2 

Applying t h e  boundary .conditions a t  z = 0 and z = 1 t o  s o l v e  f o r  A 

and B,  we  f i n d  

and 

A2 , A 1  
A = -BA2e / A  e ' 1  

Using t h i s  expression t h e  computed r e s u l t s  are t a b u l a t e d  i n  Table C-2. 
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DIGITAL PROGRAM LISTING C 

Classical Hybrid Steady-State Simulat ion 

of an Isothermal  Tubular Reactor 

With Axial Dif fus ion  
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APPENDIX D 

Classical CSDT Hybrid Simulat ion of An 

Isothermal  Tubular Reactor w i t h  Axial Dif fus ion  

r 1 
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For the analog mechanization the est imated maximums are: 

max 171 = 40 

max = 40 

From these, w e  o b t a i n  the fol lowing s c a l e d  equat ions 

EY - yi-ll 
2u uRn 1 

40 [&I = -m( lO) [$ ]  4- - 40 ant 

w i t h  the s t e p  i n p u t  a t  z = 0 as one of the boundary cond i t ions ,  

and a t  the o t h e r  end, z = 1 

The hybr id  procedure has  the same basic set-up as i n  the s t eady- s t a t e  

case which i s  desc r ibed  i n  Appendix C except t h a t  i n  t h i s  case an addi- 

t i o n a l  

i-1 
y 

I n s t e a d  of u s k g  the crude approach t o  update  the i n i t i a l  c o n d i t i o n  

( l e e  

f a l s i )  i s  employed i n  the d i g i t a l  p o r t i o n  o€ the hybrid program which is  

l i s t e d  in L i s t i n g  D. 

DAC is requ i r ed  t o  s imultaneously p l ay  back t h e  previous p r o f i l e ,  

. The b a s i c  l o g i c  and analog wi r ings  are shown i n  F igure  D-1. 

the one used i n  Appendix C)  the method of f a l s e  p o s i t i o n  (regular  
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0 

1 

T i m e r  s top 

2u 
10 
- 

A/D Sync 

D/A Sync 

HD 

-D 2 [ Y l i  

OP 

Figure  D-1 Logic and Analog Wiring Diagram 
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DIGITAL P R O G W  LISTING D 

Classical 'CSDT' Hybrid Simulation of 

A Tubular Reactor With Axial Diffusion 
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APPENDIX E 

'CSDT' Hybrid Simulation FIith The Decomposition Method 

* 
Simulation of a Tubular Flow Reactor 

With Axial Diffusion 
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cxht 

a *  

DSDT ** 
0.5 
0.25 
0.125 
0.05 
0.025 

TABLE E-1 Steady-State Solutions of the 
Decomposition Method for Different At. 

Y -to> Y (1) 

0.8383 0.6425 
0.8393 0.6435 
0.8381 0.6370 
0.8404 0.6360 
0.8430 0.6399 
0.8600 0.6500 
0.8880 0.6584 

no. of 
time step # 

- 
109 
5 - 7  
9 - 11 
14 
30 .. 40 
50' 

* analytic solution 

# reached apparent steady-state 

** implicit finite,difference solution using aht = 0.025 and 
0.001% tolerance. 
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Mechanization of the two first order equations 

2 '  

'with the following estimated maximums 

1 max 1-1 = 50 aAt 

max 1x1 = 5 

max I A , ~  = 10 

We have the scaled equation: 
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X dy3 - 
'FY3 - 2) - - dz 

where max , I h F [  = 10, then 

l o  
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DIGITAL PROGRAM LISTING E 

Serial Decomposition Solution of an 

Isothermal Tubular Reactor in One-space 

Dimens ion 
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APPENDIX F 

Solu t ion  o f  an Isothermal  Tubular Reactor 

i n  Two-Space Dimension and T i m e  --- 
CSDSDT Decomposition Method 
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For a s imple f i r s t  o r d e r  i r r e v e r s i b l e  r e a c t i o n  

t ak ing  p l a c e  in a homogeneous t u b u l a r  f l ow r e a c t o r ,  

o f  the reactant 

a material ba l ance  

A may b e  r ep resen ted  by the fol lowing equa t ion  

where f = f ( z , r , t ) ,  the dimensionless concen t r a t ion .  

The i n i t i a l  and boundary cond i t ions  are: 

f = l  

and 

¶ z = O ,  r = l , , t > O  

r = 0 and 1 - df = 0 
d r  

S ince  the c o e f f i c i e n t s  are considered t o  b e  cons t an t  i n  the axial 

d i r e c t i o n ,  we have the gene ra l  s o l u t i o n  i n  the form 

f = a f l  + b f p  f f 3 @-I) 

f o r  each r a d i a l  s p a c e l i n e ,  where f l  and f2 r e p r e s e n t  their elementary 

(or homogeneous) s o l u t i o n s ,  and f 3  r e p r e s e n t s  the p a r t i c u l a r  s o l u t i o n .  
t 
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To c a l c u l a t e  cons t an t s  a and b ,  s i n c e  from equat ion F-1, w e  

o b t a i n  

df 3 + -  + b -  df2 df 1 
dz dz dz dz 
df a -  - =  

W e  have 

- -  - . Ag fl 
df 1 
dz 

df 2 
'F f 2  

- E I  

dz 

. 'F f 3  + 
df 3 - =  
dz 

w i t h  i n i t i a l  cond i t ions  : 

x(1) = 0 

f l ( l )  = 1 

CF-2) 

f2(0) = 1 

f3(0) = 0 

Apply the r e s p e c t i v e  a x i a l  boundary cond i t ions .  

(1) For r # 1, s u b s t i t u t i n g  CF-3) i n t o  (F-2) l e a d s  t o  the f i n a l  ex- 

p r e s s i o n s  f o r  a and b as 
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z - hF where I? P e  

Q 3 AB - PeZ 

R f x(0) + PeZ 

(2) For r = 1 (at the w a l l )  w e  have  

af,(O) 3. bf2(0) + f3(0) = 1 

o r  apply (F-4), t hen  

af l (0)  + b = 1 

and . 

ahB + bXFf2(l) + AFf3(l) = 0 

Solving these two equat ions o b t a i n  

o r ,  since , AF = .-'B 
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and 

S ince  b o t h  f (0) and f,(l) are i n  the o rde r  of o r  less, 

w h i l e  f 3  is bounded between 0 and 1, then 

1 

b = a [ z  1 - fl(0)] 

Assuming there are ten equally-spaced r a d i a l  increments ac ross  the 

r e a c t o r  t u b e  r a d i u s ,  the fol lowing d a t a  are g iven  f o r  the example case 

L = IO f t .  

R = 1 ft. 

h r  = 0.1 

A t  = 0.01 

N = 11 (n = 1,2, ..., N) 
K = 1  

C 
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The v e l o c i t i e s  and P e c l e t  numbers are: 

2 
(from center line) PeZ u C€t/sec) D,<ft/sec 1 n 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

110 
100 
80 
65 
55 
55 
60 
70 
90 
150 
0 

25.8 
25.7 
25.5 
25.1 
24.8 
24.4 
23.8 
23.1 
21.9 
19.8 
0 0.2 

The analog mechanization of t h e  decomposed two f i r s t  o r d e r  equat ions 

are shown i n  Figures  F-1 and F-2 w i t h  t h e i r  corresponding s c a l e d  equat ions.  
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Figure F-1 Analog Mechanization of LB( and LFC ) 
for r f 1 
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[ $1 = - [".I 100 (f3)(10) + [&I (10) 

F -A \ 

Figure  F-2 Analog Mechanization of 
LB( ) and LF( ) f o r  r = 1 
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DIGITAL PROGRAM LISTING F 

Simulation of an Isothermal Tubular Reactor 

in Two-space Dimension With The Hybrid 'CSDSDT' 

Decomposition Method 
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Energy Balance Mechanization for  General. Radial Lines 

b 

[ 2]= - [ 2 ] [ T 3 1 +  [%I 
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Energv Balance Mechanization at: Wall 

[-] 
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Scaling & Mechanization of Mass Transfer Equation f o r  General Radial Lines 

The Riccati  Equation: 

with the estimated maximum values: 

Max 1, AF I = 100 

Flax 1 xF 1 = LO 

Max I Fez - AF 1 = 200 

Max I g(2) I = 1000 

Then, w e  have 

100 PeZ 200 - "1 (20) + [s] [ lo]  (G-5 a) 

Similarly for :  

(G-6 a) 

The actual mechanization i s  shown i n  the next diagram. 
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[%] 

Analog Mechanization of Equations (G.5a) and (G.6a) 

' 'F 
lo 

- -  
A/D 

1 10 

'F - -  .o 
200 

z Pe - -  
200 

- - 
200 
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Finally f o r  

o r  the scaled form 

x [$I = [--$]I-fl “4 
and the I C  a t  z = 0 ,  

[- XF 
10 

. 

(G-7a) 
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Mechanization of Mass Transfer  Equation at Wall Line 

The R i c c a t i  equa t ion  is 

2 -A = -AF + g ( z )  F 

When the fol lowing es t imated  maximums are app l i ed ,  

Max [ XF I = 100 

Max I !F I = 1000 

Max [ g(z>  I = 10000 

the s c a l e d  equat ion  becomes 

S imi l a r ly  f o r  t h e  equat ion  

The maximums are 

] AB I = 100 

I Rf I = 5000 

1 x 1  50 

Then, w e  have 

(G-loa) 

The analog c i r c u i t  i s  shown i n  t h e  next  page.’ 
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Aaalog C i r c u i t  for Equations (G.9a) and (G.lOa) 

[a] 10000 [->---A D/A lopk6 ‘D 

4=-: 10 

X - 
50 
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And f i n a l l y  t o  i n t e g r a t e  

= [ - A F ]  [-f] I- x 

w h i c h  i s  sca l ed  t o  o b t a i n  

The in i t i a l  cond i t ion  a t  t h e  w a l l  l ine  is  simply 

f(0) E 1 

(G-11) 

(G-lla) 

(6-12) 

W e  have, then,  the fol lowing c i r c u i t  f o r  equat ions (G-lla) and (G-12) 

1 

-f 
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Hybrid Control  Logic Design 

The i n t e g r a t i o n  of material ba l ance  equat ion r e q u i r e s  the sampling 

rate t w i c e  the speed of the energy ba lance  equat ion since there are 

simultaneous sample and hold a m p l i f i e r s  and playback DACs involved. 

For this p a r t i c u l a r  requirement an a d d i t i o n a l  c o n t r o l  line (14) is used 

t o  switch the sampling rates from 5 KC t o  10 KC and vice versa. 

c o n t r o l  l i n e s  

14 15 

Timer  s t o p  

OR 

A/D sync 

D/A sync 
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The fol lowing d i g i t a l  program l i s t i n g  c o n s i s t s  of 13 r o u t i n e s :  

1. Main program 

2. Subrout ine HYBSET : t o  b u i l d  command b lock  and channel command 

word and set some servo-set  po t s .  

3.  BLOCK DATA 

4 .  Subrout ine HEATUP : set up c o e f f i c i e n t s  f o r  energy equat ion  

5. Subrout ine HEATGQ : energy ba lance  i n t e g r a t i o n  

6. Subrout ine MASSUP : set up c o e f f i c i e n t s  f o r  m a s s  equa t ion  

7 .  Subrout ine MASSGO : m a s s  ba lance  i n t e g r a t i o n  

8. Subrout ine PIASSIC : set I C  f o r  mass ba lance  c a l c u l a t i o n  

9.  Subrout ine DACADC : set up D/A and A/D channels 

10. Subrout ine REALGO : realtime I / O ,  a c t u a l  i n t e g r a t i o n  

11. Subrout ine SETPLT : ar range  r e s u l t s  t o  be  p l o t  

1 2 .  Subrout ine SETZ : set up p l o t  i n  axial  d i r e c t i o n  

13. Subrout ine SETR : set up p l o t  i n  r a d i a l  d i r e c t i o n  

The subrout ine  PLOT i s  a s tandard  SSP r o u t i n e  
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DIGITAL PROGRAM LISTING G-1 

The H y b r i d  'CSDSDT' D e c o m p o s i t i o n  S o l u t i o n  

of a T u b u l a r  R e a c t o r  With H e a t  and Mass 

T r a n s f e r  
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Generation of Veloc i ty  and Eddy Viscos i ty  P r o f i l e s  

The method i s  essentially fol lowing the previous work ( 1 4 ) .  The 

rep  resent a t  Lve formulae are 

1. Laminar layer 

with yo = 0; ua = 0 and = 0 

a l s o  E: = n u y 2 

2. Turbulent co re  

In the tu rbu len t  f low t u b u l a r  reactor , laminar  l a y e r  th ickness ,  though, 

may b e  s m a l l ,  i t s  c o n t r i b u t i o n  could a f f e c t  t h e  entire p r o f i l e s .  

these v e l o c i t i e s  and eddy v i s c o s i t i e s  are evaluated a t  t h e  d i f f e r e n t  

incremental  i n t e & a l s , i n  o rde r  t h a t  they could be  played back i n  the 

equal  sampling period,curve f i t s  f o r  U and E are performed by using 

subrout ine  UEFIT. 

Because 

The equat ions provided t h e  b e s t  f i t s  are: 

2 3 4 - 5  u - y  = a f b y f c y  f d y  f e y  f f y  

and 

€ = a  I + b y + c t y 2 + d y  t 1 3  f e y  1 4 -  f f y  1 5  
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The p red ic t ed  and the f i t t e d  r e s u l t s  are shown i n  Figures  G-1 and G-2 

r e s p e c t i v e l y  . 
The d i g i t a l  program which c a l c u l a t e s  v e l o c i t y  and eddy v i s c o s i t y  

p r o f i l e s  is shown i n  L i s t i n g  G-2. 
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DIGITAL PROGRAM LISTING G-2 

The Veloci ty  and Eddy Viscos i ty  Evaluation 

i n  a Turbulent Flow Tubular Reactor 
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APPENDIX H 

Der iva t ion  of CSCSDT Expression i n  t h e  

Radial  D i rec t ion  
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When i m p l i c i t  in the r a d i a l  d i r e c t i o n ,  t h a t  i s  t o  pass  from time 

'+', w e  can rewrite equat ion  4.13 in t e r m s  of a r a d i a l  i+1/2 t o  t t 

d i rec tLon and applying the CSDT approximation y i e l d s  the f oliowing 

ord inary  d i f f e r e n t i a l  equat ion  

26 i+l 
1 dfi+' Pe r@ + T I  f 

d2f if1 
+--- 

2 r d r  d r  

1 i+1/2 dfi+1/2 2sf i+1/2  
+ - 

2 dz A t  dz or 

d2f i+ l  dfi+l 26 i+l - - R i + l / Z  +--- Pe  (8 + = I  f 2 r d r  r d r  

where 

A r e l a t i o n s h i p  between (H-2) and t h e  expression i n  t i m e  ti t o  

t '+'I2. l e a d s  t o  t h e  fol lowing form 

Ri+1/2 - - - -  Per R~ - Per(@ + CLt 46 ) f i+1 /2  

PeZ 

Obviously, t h e  r i g h t  hand s i d e  of (H-3) is known from t h e  r e s u l t s  of the 

first h a l f  t ime s t e p .  Now t o  apply the decomposition method t o  equat ion  

CH-l), f i r s t  w e  mul t ip ly  

2 dZfi+l  df it-1 
r + r -  

2 . d r  d? 

2 every  term by r : . 
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M e  assume that the second o r d e r  d i f f e r e n t i a l  ope ra to r  

2 dL d 2 2& 
r P e p  + at 1 L ( )  = 1: T + r - -  d r  d r  

m-5 1 

can b e  decomposed i n t o  two first o r d e r  d i f f e r e n t i a l  ope ra to r s  of the 

form: 

L( ) = LB LF 

By i d e n t i f i c a t i o n  of (H-5) and (H-6), w e  have: 

1'- Ap - A B  = 1 

and 

03-71 

(H-10 1 

Since the gene ra l  s o l u t i o n  f is expressed as 

f = af 3- b f 2  + f 3  1 
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where f l  and f 2  are being t h e  s o l u t i o n s  of t h e  two homogeneous 

equa t ions  : 

LB(fl) = 0; f l ( l )  = 1 

L*(f2) = 0 ;  f2(0) = 1 

The two boundary cond i t ions  s t a t e d  that 

f o r  r = 0 and r = 1 df - Q - -  
d r  

d f2  df3 
+b-+- df 1 - -  df - a -  b u t  

d r  d r  d r  d r  

1 - - 1 [ax f 3. bhFf2 + XFf3 
r B 1  . 

It could be  e a s i l y  seen t h a t  even i f  

hF( r )  - < 0 and f3(0) = 0 

XF(l) = 0 and s i n c e  w e  know 

- -  df - 0 a t  r = 1 can b e  s a t i s f i e d  (a = O ) r  y e t  a t  r = 0 d r  

df - xF -b AF # 0. - - 
d r  r r -(bf2 + f3)  = 

Vichnevetsky (25) has s u c c e s s f u l l y  demonstrated the a p p l i c a t i o n  of 

the decomposition method us ing  an example problem desc r ib ing  non-steady 

state burning of a s o l i d  p r o p e l l a n t .  .The f i n a l  transformed system equat ion 

y i e l d s  the d i f f e r e n t i a l  ope ra to r  

d 1 + x @ - - - -  dx & A t  
2 d" 

dx 
x -  2 L( 1 = 
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f o r  the dependent v a r i a b l e  T (temperature).  

This  is  then decomposed i n t o  two f i rs t  o rde r  d i f f e r e n t i a l  o p e r a t o r s  

of  the form: 

w i t h  the boundary cond i t ions  

T(0,t) = 0 

- f ( t )  (assumed t o  b e  given) aT 
-(x,t) ax Ix+- - 

W e  now d e f i n e  y(x) T ~ ( x )  and T ~ ( x )  as being t h e  s o l u t i o n  of the 

t h r e e  fol lowing equat ions and r e s p e c t i v e  boundary cond i t ions :  

L1(y) = - ( forcing f u n c t i o n  from t h e  previous t i m e  s t e p )  

Y ( 1 )  = 0 

L 2 ( ~ 3 )  = Y 

.,(O> = 0 

W e  n o t e  that ~ ~ ( 0 )  = 0 w i l l  always b e  s a t i s f i e d ,  i n  v i e w  of t h e  
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T 

X 
- ' term p r e s e n t  in the fol lowing equation,,  going t o  03 f o r  x going 

t o  ze ro  

. .dri  . . A 1  
- -  - +-T dx x 1  

Me now observe that any linear combination of t h e  form 

s a t i s f i e s  t h e  system equat ion and that T(0) = 0 i s  always s a t i s f i e d .  

The boundary cond i t ion  a t  x = 1 i s  then used t o  f i n d  the value of 

a. 


